PRODUCT MEASURES

BY
W. W. BLEDSOE AND A. P. MORSE

1. Introduction. One of our aims is to free topological Fubini theory from
the usual restraints of local compactness. In this connection we shall regard
Radon measures as very special indeed. Another of our aims is to associate
with any two measures p and » such a product measure ¢ that in the event
u and v happen to be topological measures of a rather general sort, then our
topology-free measure ¢ will actually be a similar topological measure under
which the Borel subsets of the product space are measurable(!). We shall
reach both these goals even though an obvious obstacle in our path to the
second is the fact that the open sets of a topological product are not always
contained in the o-field generated by the open rectangles. The product meas-
ure we construct in order to overcome this difficulty allows more summable
functions and greater freedom of action than the product measures con-
sidered heretofore.

In §3 we consider a family of sets which is closed to finite union and
countable nonvacuous intersection. With this family we associate a family of
measures and for these measures we infer subset theorems which yield at once,
in §6, corresponding closed subset theorems.

§4 deals with some aspects of measure integration and gives a funda-
mental result, 4.10, on the approximation of integrable functions by functions
of a more elementary character.

In §5 we develop a general Fubini theory and construct a specific product
measure.

In §6 topology enters our theory for the first time. Several kinds of
topological measures are considered; applications of §3 are made; the reac-
tions of various measures to a sort of taming process are investigated in 6.8;
locally null sets are examined briefly; and finally some attention is paid to
metric measures.

§7, with which we close our paper, is devoted to a topological Fubini
theory in which the nontopological product measure constructed in §5 not
only has considerable topological merit in its own right, but also prototypes
two other interesting, topologically fashioned, product measures.

To many our result of greatest interest and utility will be Theorem 7.7
viewed in the light of 5.11.3. Because of the technical language in which 7.7
is phrased, we should like to give here a somewhat detailed but informal
account of much of its content.

Presented to the Society, August 31, 1954 ; received by the editors May 15, 1954.
(!) Whether or not ordinary product measure has this property remains an open question.
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Suppose u is an (outer) measure defined for all the subsets of a topological
space S . Suppose that u(§) < « and that each open set is not only measurable
but equal in measure to the upper bound of the measures of closed subsets.
Suppose further that from each covering of § by open sets a countable sub-
family can be extracted which covers almost all of §. If v is another measure
like u, then our associated product measure bears to the topological product
space the same relation as p does to §, and at the same time satisfies the
Fubini equality for summable functions. The novel feature of our product
measure is that we require to be of measure zero each set whose characteristic
function integrates iteratively in both orders to zero.

Any reader whose interest in the present paper does not extend beyond
5.11 and 7.7 is advised to omit all of §3 except 3.1-3.6 and all of §6 except
6.0, 6.2.1, 6.2.5, 6.4, 6.9-6.12. Among the results so bypassed is Theorem
6.3.2 whose applicability to a class of sets far more extensive than analytic
sets can scarcely escape anyone interested in the latter.

2. Preliminary definitions and notations.

2.1 DEFINITIONS.

.1 ~B=the complement of B.

.2 sng y=Ex(x=y).

Thus sng ¥ is the set whose sole member is y.

.3 oF=UBE FB=Ex(xEP for some BEF).

4 #F=NBE §B=Ex(x&p for each BEF).

.5 sb A =subset A =EB(BCA4).

.6 sp A =superset A =EB(BDA).

2.2 DEFINITIONS.

.1 dmn f=domain f=Ex[(x, y) Ef for some y].

.2 dmn’ f=Et&€dmn f[|f(t)| < = ].

.3 rng f=range f=Ey|[(x, y) Ef for some x].

.4 rlm ¢ =realm ¢ =¢ dmn ¢.

In the above f and ¢ are not required to be functions; they may equally
well be relations (i.e., sets of ordered pairs) of which functions are but special
cases. We assume, of course, there is no difference between a function and its
graph.

2.3 DEFINITIONS.

.1 rct AB=the set of ordered pairs (x, y) such that x&A4 and y&B.

.2 Rct §&=ER(R=rct AB for some AE§ and some BE®).

2.4 DEFINITIONS.

.1 ' =the set of integers.

.2 w=the set of non-negative integers.

We shall assume the integer 0 and the empty set are the same.

2.5 DEFINITION. cmpl §F=EB(B=¢F~C for some CE ).

3. Measures.

3.1 DEFINITIONS.
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.1 ¢ measures S if and only if ¢ is such a function on sb § that:
0 < ¢(4) whenever 4 CS;
and
$(4) = 2B € §o(B)
whenever § is a countable family for which
A Co§ CS.

Clearly if ¢ measures both § and §’ then § =§".

.2 Msr S =E¢(¢ measures S ).

We now use 2.2.4.

.3 Measure =E¢(¢ measures rlm ¢).

.4 mbl ¢ =measurable ¢ =EA €dmn ¢[¢ € Measure and

o(T) = ¢(T4) + ¢(T ~ 4)

whenever TE€dmn ¢].

We now use 2.2.2.

.5 mbl’ ¢ =mbl gN\dmn’ ¢.

.6 sct ¢T =section ¢T =the function ¢ on dmn ¢ such that, for each
AEdmn ¢,

¥(4) = ¢(T4).

.7 sms ¢ =submeasure ¢=Ey[pEMeasure and Y =sct ¢T for some
TEdmn' ¢].

.8 mss g§ P =the function ¢ on sb § such that if 4 is any subset of §
then ¢(4) is the infimum of numbers of the form

> B € §e(B)

where § is such a countable subfamily of § that A Ceo§.

In this connection we should like to remind the reader that an empty
infimum is .

Many special instances of the construction described in .8 have been
given. Not unexpected, therefore, and certainly not unknown is the following
general theorem.

3.2 THEOREM. If § s a space, © is a family of sets, g is a function on O
to the non-negative reals, then

mss g§ 9 € Msr§.

Those measure theoretic results of which we presuppose a knowlege may
be found in H. Hahn, Theorie der reellen Functionen, vol. 1, Berlin, 1921, pp.
424-432.
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3.3 DEFINITIONS.

.1 borel §=the smallest family which contains F\Usng ¢ and which is
closed to countable (including vacuous) union and nonvacuous countable
intersection.

.2 Borel §=the smallest family which contains § and which is closed
to countable (including vacuous) union and complementation with respect to
o

3.4 DEFINITION. internal =E{[§ is closed to finite (including vacuous)
union and nonvacuous countable intersection ].

3.5 DEFINITION. prxn ¢ =EB [¢ € Measure and

inf C € N sb B(B~C) =0].

Thus prxn ¢§ consists of those sets which can be ¢-approximated from
the inside by members of .

In 3.6.3 below we introduce a concept which has received relatively little
attention. To guide our intuition we glance ahead at 6.0 and then imagine
T Etopology and § =Closed T.

3.6 DEFINITIONS.

.1 Hull §=E¢EMsr 69 [Each 4 Edmn ¢ is so contained in some 4’C H
that ¢(4) =¢p(4")].

.2 Mass § =E¢E Msr o §[FEinternalN\sb mbl ¢, and cmpl FCprxn ¢ §
whenever ¢ Esms ¢ |.

.3 Bore §=EA Co§[4 Embl ¢ whenever ¢ &Mass F].

3.7 THEOREMS.

.1 borel FCBorel FCBore §.

.2 If p&Mass § then Bore FCmbl ¢.

3 If pEMass § then sms ¢ CMass §.

4 If EMsr oF, FE<internalMN\sb mbl ¢, and cmpl FCprxn ¢F, then
$EMass §.

.5 Mass Borel §=E¢EMsr o F(FCmbl ¢).

.6 Bore Borel FCBore §{.

A well-known, useful, and fairly obvious companion to 3.2 is
3.8 THEOREM. If S =09, ¢EMsr S,
9 = Borel $ C mbl ¢,
and
¥ = mss ¢S 9,

then:
1 ¢YyEMsrS;
2 if ACS then $(A) <Y(4);
3 if ACD then $(4) =¢(4);
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4 yE€Hull §;
.5 $Cmbl ¢.
Also of use to us is
3.9 TueorEM. If &€ Hull ©, © =Borel 9, and
$ N dmn’ ¢ C prxn ¢,

then
mbl’ ¢ C prxn ¢§.

Proof. The desired conclusion is evidently a consequence of the
STATEMENT. If r >0 and BEmbl’ ¢ then there is a CE § for which

CCB and ¢(B~C) =
Proof. So choose B’ and B’ from 9 that
B C B, B’'~ B C B",

¢(B') = ¢(B),  ¢(B") = ¢(B' ~ B).
Notice that
B~B" =B ~B’'"€ N dmn'e
and then use the fact that
$ N dmn’¢ C prxneoy
to so secure CE § that
CCB~B" and ¢(B~B")~C) <.
Thus we see that CC B, and, since BEmbl’ ¢, we conclude
$(B~ C) = ¢((B~ B") ~C) + ¢(B")

S r+ ¢(B")

= r + ¢(B' ~ B)
=r+ ¢(B") — ¢(B)
=r+0=r

Lemma 3.10.1 below is not hard to check and is presumably known to
many. Lemma 3.10.2 was known to W. Sierpinski, Les ensembles Boreliens
abstraits, Annales de la Société Polanaise de Mathématique vol. 6 (1927)
p. 51. It can be readily verified either directly or with the help of A. P.
Morse, The role of internal families in measure theory, Bull. Amer. Math. Soc.
vol. 50 (1944) p. 724, Theorem 3.2. Lemma 3.11 is a consequence of Part I
of the proof of 4.5 on p. 725 of the paper just cited.
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3.10 LEmMMaAs.
.1 If cmpl FCborel § then § contains such a countable subfamily §' that

oy =0f.
.2 If cmpl FCborel § then

borel § = Borel §.

3.11 LEMMA. If EMsr o, ¢(cF) < o, F&internalMsb mbl ¢, and s
a countable nonvacuous subfamily of prxn ¢§ then cOEprxn ¢F and =P
Eprxn ¢F.

3.12 THEOREM. If ¢EMsr o, ¢(cF) < », FEinternalMNsb mbl ¢,
§ C® C prxn ¢F,
then
borel ® C prxn ¢F \J sng ¢F.
Proof. Note that ¢ F=0®, 0§, and then apply 3.11.
By taking §=@® in 3.12 and then using 3.10.1 and 3.11 we easily infer
3.13 TueoreM. If FE€internal and cmpl FCborel § then
Mass § = E¢ € Msr oF[F C mbl ¢].
3.14 LEMMA. If ¢EMass § and ¢(oF) < = then
Borel § C prxn ¢3.
Proof. Let
& = F Y compl §.
Since
0€®,  cmpl§ C przn ¢F
it is clear that
o € prxn ¢g, § C O C prxn ¢F.

From this and the fact that @ =cmpl ® it now follows from 3.10.2 and 3.12
that

Borel § C Borel & = borel ®
C prxn ¢F \Y sng ¢ = prxn ¢§.

Theorems 3.15 and 3.16 below were given by A. P. Morse in his 1952-53
Lectures on Real Variable at the University of California.

3.15 THEOREM. If ¢ EMass § then
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Bore § M dmn’ ¢C prxn ¢§.

Proof. We suppose
B € Bore § N dmn’ ¢

and complete the proof by showing

B € prxn ¢§.
Let
S = of, $ = Borel §, ¢’ = sct ¢B,
Y = mss ¢'S P,
and notice

¥(S) = ¢'(8) = ¢(B) < =.
Because of 3.7.3 we know ¢/ €Mass §. Consequently 3.14 assures us
9 C prxn ¢'§.
Clearly
$ = Borel § C mbl ¢'.
With 3.8 in mind we now infer: from 3.8.3 that

(1) cmpl § C $ C prxn ¢§;
from 3.8.5 that
(2) §C D Cmbly;

from 3.6.2 that
& € internal;

\~,

from (1), (2), (3), and 3.7.4 that

4 ¥ € Mass §;
from (4) and 3.7.2 that

5) B € mbl ¢ = mbl’ ¢;
from (5), (1), 3.8.4, and 3.9 that

(6) B € mbl’' ¢ C prxn ¢;

from (6), 3.5, and 3.8.2 that corresponding to each 7 >0 there isa CE FNsb B
for which

rZ2y(B~C) 2 ¢'(B~C)=¢B~CO).
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Consequently
B € prxn ¢
and the proof is complete.
3.16 THEOREM. If ¢ &Mass F/\Hull Bore § then
mbl’ ¢ C prxn ¢§.
Proof. Let § =Bore §. Notice that

O = Borel 9,
infer from 3.15 that

$ M dmn’ ¢ C prxn ¢,

and conclude from 3.9 that
mbl’ ¢ C prxn ¢F.

4. Integrable functions. We have no intention of developing measure
integration here. However we do wish to make clear certain fundamental
aspects of this subject as we presently view it.

4.0 DEFINITION. cmbl ¢ =EA [mbl’ ¢ contains such a countable family §
that A =o ).

4.1 DEFINITIONS.

.1 Massable ¢ =Ef[¢ & Measure, f is such a function on some subset of
rlm ¢ to the reals that

Ex[f(x) 2 N]Embl ¢

whenever — 0 SAS » .
.2 Integrable+¢ =Ef& Massable ¢ [f is such a function on rlm ¢ to the
non-negative reals that

Ex[f(x) > 0] € cmbl ¢].

.3 Alm ¢xP if and only if ¢ EMeasure and ¢(rlm ¢~ExP) =0.
In .3 above we allow ‘P’ to be replaced by an arbitrary formula such
as for example

[7(x, ) z 0]

4.2 REMARK. There are, of course, many different approaches to measure
integration. The approach we have in mind, but do not specify, leads to an
integral which enjoys properties .1 through .5 listed below. On a purely
factual basis any approach to integration which yields properties .1 through
.5 is equally satisfactory for our immediate purposes. We do not, however,
recommend .1 through .5 as an approach to integration.
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Properties .2 and .3 tell us the sort of integrand to expect in an existent
integral. Properties .4 and .5 help us evaluate the integral of certain inte-
grands. Property .1 is useful on both counts.

We assume, henceforth, that © — © is not a number and we also assume
that

0y=90=0

no matter what y may be, but that x and y are always numbers whenever
x+y is a number.
.1 If Alm ¢x{f(x) =g(x)} then

[ s@sdz = [ s@sds.

.2 If ¢&Measure and [f(x)¢dx is a number, then
Alm ¢x{f(x) is a number }.

.3 If ¢EMeasure and f is such a function on rlm ¢ to the non-negative
reals that [f(x)@dx is a number, then f& Integrable+¢.

Definition 2.4.1 is used in .4 below.

4 If fEIntegrable4¢, then

[ stz = (B2l = = ]
+ lim D) n € o {A*¢(Ex[A < f(2) < M)}

A1+

.5 If f&Massable ¢, then

ff(x)¢dx = f P(x)¢pdx — fN(x)¢dx

where P and N are such functions on rlm ¢ that
P(x) = Inf E¢[0 < ¢ 2 f(x)]
and
N(x) = InfEt0 < ¢t = — f(x)]

whenever x&rlm ¢.
In connection with .5 it should be clear that if

e =1Inf[0<t22]

then:
if 0=\ then a=X\;
if A=<0 then a=0;



182 W. W. BLEDSOE AND A. P. MORSE [May

if N is not a real number then a= .
Largely because of .3 and 4.1.2 it turns out that if & Msr §, then

[ 1032 = 08

if and only if
S € cmbl ¢.

Thus in peripheral situations an integral different from ours may well be «
whereas ours is not even a number. We feel, however, that this slight lack of
generality is more than made up for by a more attractive theory. For exam-
ple, in terms of a slightly more general integral than ours, Theorem 5.11
could be viewed in the light of Definition 5.0.8 and then refuted by a well
known counter-example given by S. Saks at the bottom of page 87 of his
Theory of the integral, New York, 1937. We avoid such difficulties by simply
refusing to attempt the integration of any function which cannot itself be
approximated almost everwhere by a sequence of functions with finite valued
integrals.

4.3 DEFINITIONS.

.1 Integrable ¢ = Ef& Massable ¢[— = < [f(x)pdx < o« ].

.2 Summable ¢ =Ef€Integrable ¢[— o <[f(x)pdx < o ].

.3 Summable+¢ = Integrable +¢/\Summable ¢.

To avoid tedious future reasoning by cases it is convenient to have avail-
able once and for all the following theorem.

4.4 THEOREM. If 0=<¢=< o, Alm ¢x{f(x) ;0}, and [f(x)pdx is a number,
then

0= c~ff(x)¢dx =f {c-f(x)}qsdx < oo.

4.5 DEFINITIONS.
.1 cps F=EAQ is a function, dmn A=, 0 SA(B) = » whenever BEF,

EB[N(B)>0] is countable).
.2 CrxA =1 or 0 according as x is or is not a member of 4.
.3 Crct SF=Ef(f is such a function on S that, for some N&cps §,

fl@) = 2 BE F{\B) Cr 28}

whenever xE.5).
In connection with .3 we do not assume § is countable. Moreover

2.8 € F{MB)-Cr 8}
is the supremum of numbers of the form

2B E §{\@B)-Cr a8}
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where §' is a finite subset of §.
4 bsc ¢ =EFCcmbl ¢(¢ EMeasure and ¢ =mss ¢ rlm ¢§).

For example, if ¢ is Lebesgue measure and { is the family of open inter-
vals, then §Ebsc ¢.

Theorem 4.10 below was given by A. P. Morse in his 1946-1947 Lectures
on Real Variable at the University of California. We feel it is a convenient
and useful tool and since we are unaware of its appearance elsewhere we shall

sketch a proof.
As was indicated above, it is quite possible that

§ € bsc o

and yet for the members of {§ to be so simple in structure that it is compara-
tively easy to acquire information about members of

Crct rlm ¢§.

This information may sometimes then be converted, by means of 4.10, into
interesting knowledge about members of Integrable ¢. It is in this way that
we attack our general Fubini Theorem 5.3.

Fairly evident are

4.6 THEOREMS.
.1 If §Ebsc ¢ and S =rlm ¢ then

Crct S § C Integrable + ¢.

.2 If §Ebsc ¢, S =rlm ¢, >0, fESummable+¢, then there is such a
member g of Crct S § that

f(x) = g(=) whenever x €S,

and
f g(x)pdx =< f f(x)¢dx + 7.

By considering positive and negative parts we readily obtain

4.7 LEMMA. If FEbsc ¢, S =rlm ¢, »>0, fESummable ¢, then there are
such members g and h of Crct S § that

[ 170 = g0 + 1) | 60 < #
and

[t + h}gaz 5 [ 1) | ds +- .
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4.8 THEOREM. If §FEDbsc ¢, S =rlm ¢, 0<r< o, fESummable ¢, then
there are such members g and k of Crct S § that

Alm ¢x{f(x) = g(x) — h(x)}

and

f {8(2) + h(x) } pdx < f | f) | ¢dx + 7.
Proof. Let us agree herein that
n* = Em € w(m < n).

With the aid of 4.7, inductively define such a sequence S of members of
Crc¢t S§ and such a sequence T of members of Crct S§ that, for #E€w,

L J e - Tiense) + i€ nTie) - 5. + 1) | oas
< r.2-0Hd)
and
[ (52 + 7@ i
.2
s [ 15 - i€ msi@ + i € w1iw) | odn + 200,
Now let g and & be such function on § that for x&ES
g(®) = 221 € wSa(%)
and
h(x) = D n € wla().
It is easily checked that
g € Crct S, h € CrctS§.
From .1 we see that if #Cw, then
[~ Ti€ o+ 1050 + T5 € v+ 07| 0a
3 S 7 2709,

From .2 we learn that

fmw+nwwa§fUmwm+w,
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and from .2 and .3 we learn that if n€w then
f { Spi1(x) + T +1(x)}¢dx < 727040 4 g 20

< 72—,

Thus

[t 8@ + ) gx
=Yn€ wf {Sa(®) + Ta(®) | dx
= f {So(®) + To(@) }edz + X n Ew f {Sa1(®) + Tapa(%)} pd
s [ 15| otz +1/8+ T € ur-z-ot
=f | f(2) | édx + /8 + 7/2

§f|f(x)|¢dx+r< 0 .

Accordingly
Alm ¢z{ | f(=) | + |e@) | + | h(x)| < = }

and from .3 and Fatou’s Lemma it now follows that
[ 15 ~ g@ + 1@ | 60 = o.

Consequently
Alm ¢x{f(x) = g(x) — h(x)}.

4.9 THEOREM. If FE&bsc ¢, S =rlm ¢, fEIntegrable+t¢, then there are
such members g and k of Crct S § that

Alm ¢x{f(x) = g(x) — h(z)}
and

[ aroam =1

Proof. In some way ascertain first, as can clearly be done, such a sequence
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S of members of Summable+¢ that
f®) = D n € wSa(x) whenever x €S.

In accordance with 4.8 choose such a sequence p of members of Crct § § and
such a sequence ¢ of members of Crct § § that, for » Cw,

Alm ¢2{Su(%) = pu(x) — ¢u()}

and

[ 10 + au@ i = [ su@oae+ 270

Thus if #€w, then:

f pa(x)pdx + f ga(2)pdx < f Sa(x)pdx + 2
= f Pa(2)dpdx — f gn(%)pdx + 277,
Z'fqn(x)qbdx 2

1 f qn(x)¢dx < 2-(ntD),

Now let g and % be such members of Crct § § that, for xES,
g(x) = 2o n € wpa(x)

and
h(x) = D n € wga(x).

From .1 we see that
fh(x)qbdx S D nE w2t =,
Accordingly
Alm ¢x{0 = h(x) < =

and
— w < g(a) — h(z) = 2 n € wpalx) — 221 € wga(%)
= X nE€o{pa(®) — qu(®)} = X n € wSa@) = @}
Aided by 4.9, 4.2.1, 4.2.3, and 4.2.5 we arrive at
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4.10 THEOREM. If §FEbsc ¢, S =rlm ¢, fE Integrable ¢, then there are such
members g and h of Crct § § that

Alm ¢x{f(x) = g(x) — h(x)}
and

[ s@0ax = [ g@oaz— [ Marin.

5. General Fubini theory.

5.0 DEFINITIONS.

.1 Mspr wF=E¢EMsr rct rlm p rlm »[uEMeasure, »&Measure,
FEDbsc ¢, and

f f Cr (x, y)Apdxvdy = ¢(4) = f f Cr (x, y) Avdyudx

for each A€ §F].
In .1 above we made use of 4.5.
We shall now employ 2.3.2.
.2 mblrct uy =Rct mbl x mbl ».
.3 bscrct uy =Rct mbl’ u mbl’ ».
4 nil w=ESCrct rlm p rlm »[uE€ Measure, v&Measure,

ff Cr (x, y)Sudavdy = 0 = ff Cr (%, y)Svdyudz].

.5 bace ur =bscrct ur\Unil up.

In connection with the preliminary basic estimate given in .6 below the
reader may prefer to notice 5.5.2 now instead of later.

.6 bs uv =the function g on bace uv such that

68 = [ [ cx (x, 3)Sudundy

whenever SE&bace uv.

.7 mspr wy=mss (bs uv)(rct rlm u rlm »)(bace uv):

.8 Fubini ww=E¢&EMsr rct rlm pu rlm »[uEMeasure, »&Measure,
bscrct uwCmbl’ ¢,

[ 16 swaway = [ 0035 = [ [ 162, yasuas

whenever fE€ Integrable ¢ ].
Theorems 5.1-5.3 below were given by A. P. Morse in his 1949-1950 Lec-
tures on Real Variables at the University of California.
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5.1 THEOREM. If ¢ EMspr w§, S =rlm ¢ and fECrct S § then

f f f(x, y)udavdy = f f(@)pdz = f F(x, y)vdyudx.

Hint. After recalling 4.5.3 choose such a A from the 4.5.1 family cps §
and such a countable subfamily @ of § that f(z) = D 8€®{\(B) Cr 28} for
eachz€S. Now use 5.0.1, 4.5.4, the fact that @ C FCcmbl ¢, 4.4, and integra-
tion by summation.

5.2 THEOREM. If € Mspr uv§ and Alm ¢z{f(z) =g(2) } then

f f f(x, y)pdavdy = f f g(x, y)udxvdy
f f (%, y)vdypdx = f f g(x, y)vdypdzx.

Proof. Let S =rlm ¢, A =EzES [f(z) #g(z)]. In accordance with 4.6
choose a sequence % of members of Crct S § so that for each nE€w

Crz4 £ h.(3) foreachz €S

and

and
A f ha(2)pds < 277,

Let 4’ be such a function on § that
k' (2) = lim inf A,(2)
n

whenever 2ES.
Using .1, 5.1 and Fatou’s lemma we see

0 = liminf f ha(2)pdz
n
= liminf f f ha(x, y)udavdy
= f liminf f ha(x, y)udxvdy

= f K (x, y)udxvdy

2 0.
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Moreover, if x&€rlm p and y&rlm » then Cr(x, y)4 S#'(x, y). Thus

Alm uy(f K (x, y)udx = O),

Alm vy Alm px(b'(x, y) = 0),
Alm vy Alm px(Cr (%, )4 = 0),
Alm vy Alm px(f(x, ) = g(x, ¥)),

Alm "y(ff(x» Ypudx = fg(x, y)udx),
f f f(=x, y)pdavdy = f f g(x, y)udavdy.

Similarly [/f(x, y)vdyudx = [[g(x, y)vdyudx.
5.3 THEOREM. If ¢ EMspr wv§ and fE Integrable ¢ then

[ [ 160wy = [ s0as = [ [ 162, yyasna.

Proof. Let S =rlm ¢ and use 4.10 to secure such members g and % of
Crct S § that

Alm ¢2(f(2) = g(2) — h(2))

f f(@)¢dz = f g(2)pdz — f h(z)$dz.

Thus with the help of 5.1, 4.6.1, 5.2 and the fact that f&Integrable ¢ we infer

f f(2)¢dz = f g(z)pdz — f h(z)pdz

= f f g(x, y)udxvdy — f h(x, y)udxvdy

= f [ f g(x, y)pdx — f h(x, y)udx] vdy

= f f [e(x, 3) — h(x, y) udardy

and

= [ [ s pudzay.
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Similarly

[ 10tz = [ [ s wasuis

and the desired conclusion is at hand.

5.4 REMmARK. We feel that 5.3 is not only of interest in itself but also of
real use in checking various Fubini Theorems. In the present paper we shall
use 5.3 four times. We apply it first in the proof of the pivotal 5.11 and later
in the proofs of 7.11, 7.12 and 7.13.

5.5 THEOREMS.
.1 If AEmbl y, BEmbl v, S=rct AB,
r = f Cr (x, y)Sudavdy, s = f Cr (x, y)Svdyudx,

and either
r< oo, o u(d)v(B) < o, or s< =,
then
r = u(A)-v(B) = s.
.2 If SEbace uv then

0= f Cr (x, ) Sudxvdy = f Cr (x, ¥)Svdypdx < .
.3 If S&bace uv and g=bs uv then
0= ¢S = f Cr (%, y)Sudxvdy < .

4 If u&Measure and y& Measure then
mspr py & Msr rct rlm g rlm ».
.5 If AEmbl’ u, BEmb!’ v, g=bs wv then
g(rct AB) = u(A4)-v(B).
.6 If aCBEnil uv and g=Dbs pv then
aEnilw and gla) = 0.
.7 If SEmblrct uwv and BEbace uv then BSEbace uv.
5.6 THEOREM. mblrct uvCmbl mspr uv.

Proof. We assume
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¢ = mspr uv, S = rim ¢, S & mblrct pr,
and complete the proof by showing
S & mbl ¢.
Suppose that
A € mbl g, B € mbl »,
S =rct AB, X = rlm g, Y = rlm v,
S’ = rct X ~ A4)B, S = rct X(Y ~ B),
and that
g = bs pv.

Noting that § =SUS’US” and hence that
1 §~SCS'US”

we divide the remainder of the proof into three parts.
Parrt 1. If BEDbscrct uv then

g(B) = g(8S) + g(BS") + g(8S").
Proof. Suppose
a € mbl’ g, b € mbl’ »,
= rct ab.
Clearly,
BS = rct (a4)(bB), BS’ = rct (a ~ 4)(bB),
BS" = rct a(b ~ B).
Thus, in the light of 5.5.5,
£(BS) + g(BS") + g(BS"") = n(ad)-v(bB) + p(a~ A4)-»(bB) + u(a) »(b ~ B)
= p(a)-»(bB) + u(a)-»(b~ B)
= u(a) -»(d) = g(B).
Parr I1. If BEDbace uv then
g(B8) = g(BS) + g(BS") + &(BS™).

Proof. If BEbscrct uv then the desired conclusion is a consequence of
Part I. If BE€nil w then it is a consequence of 5.5.6.

Part III. SEmbl ¢.

Proof. Suppose 7 >0 and ¢(T) < ». Choose such a countable subfamily §
of bace u» that



192 W. W. BLEDSOE AND A. P. MORSE [May

TCof and 3 BE FgB) < ¢(T) + .
Using .1, 5.5.7, and Part II we infer
o(T) = ¢(TS) + ¢(T ~5)
= o(TS) + ¢(TS") + ¢(TS")
= 2B EFeBS) + 28 E F(BS) + X8 € Fo(8S")
= 2 BE FeBS) + 28 E Fe(BS) + 28 € Fa(BS”)
= 28 € F{g(BS) + £(8S) + ¢85}
= 2 8E Fe®) < &(1) + 1.
The arbitrary nature of r assures us
¢(T) = ¢(TS) + ¢(T ~ ).
5.7 LEMMA. If ¢ =mspr pv and N Enil uv then ¢(N) =0.
5.8 THEOREM. bace uyCmbl mspr uv.
5.9 THEOREM. If S&bace uv, ¢ =mspr uv and g=bs uv then
$(S) = g(5) < ».

Proof. From 5.5.3 we know g(S) < «.

Since ¢(.S) =g(S) the desired conclusion now follows from the

STATEMENT. If >0, then g(S) <6 (S)+r.

Proof. Choose such a countable subfamily § of bace uv that SCo§ and
> BEF2(8) =¢(S) +r. Observe that, for each z,

0<CrzS=< ). BEFCrz
and hence that

$S) +r= XBEFH = BC %ff Cr (2, y)Budavdy
= fZ B e %f Cr (x, y)Budxvdy
- [ [ 58 cx . ysudamay

= f Cr (x, y)Sudxvdy

= g(5).

5.10 THEOREMS.
.1 If uEMeasure, & Measure,
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¢ = mspr uv, & = bace wy,
then
FCmbl'¢ and T & bsco.
Proof. Use 5.8, 5.9, 5.0.7 and 4.5.4.
.2 If S&bace uv and ¢ =mspr uv then

f Cr (x, y)Spdavdy = ¢(S) = f Cr (x, y)Svdyudx.

Proof. Use 5.9, 5.5.3, and 5.5.2.

.3 If uEMeasure, v& Measure, ¢ =mspr v, and §=bace v, then
¢ € Mspr w.

Proof. Use .1, .2, and 5.5.4.

5.11 THEOREM. If u&Measure, v& Measure, ¢ =mspr uv then:
.1 mblrct uwCmbl ¢;

.2 if NEnil uy then ¢(N)=0;

.3 ¢ EFubini uy.

Proof. Use 5.6, 5.7, 5.10.3, 5.3 and the fact that 5.10.1 assures us
bscrct uv C mbl’ ¢.
5.12 REMARK. If u& Measure, v& Measure,
¢ = mspr uy,
and
¥ = mss (bs uv)(rct rlm u rlm »)(bscrct uv)

then ¢ is the classical product measure and the distinction between it and
¢ is, in essence, that

¢ & Mspr ur bscrct uvy,
¢ & Mspr ur bace u»,
bace uv = bscrct uy \J nil up,
mbl ¢ C mbl ¢.
It is just this difference which makes ¢ so much more valuable than

when topological considerations are involved.
We now examine some other aspects of our product measure.

5.13 THEOREM. If A E€mbl u, BEmbl v, and ¢ =mspr uv, then
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o(rct AB) = u(4)-v(B).

Proof. Let S=rct AB and infer the desired conclusion from Parts I and

II below.
PART 1. If ¢(S) <  then

#(S) = u(4) -v(B).
Proof. Use 5.11 and 5.5.1.
PART I1. If u(4) -v(B) < © then

#(S) = u(4)-»(B).
Proof. If u(A)-»(B) =0 then, because of 5.5.1,

v S &€ nil wv C bace uv.
On the other hand if 0<u(4) -¥»(B) < « then
S & bscrct uv C bace uv.
Consequently S&bace wy, and from 5.10.2 and 5.5.1, it now follows that
#(S) =p(4) -»(B).

5.14 THEOREM. If uE& Measure, v& Measure, ¢ =mspr wv, ¢(T) < ©, and
>0 then there is such a countable subfamily § of bscrct uv and such a member
T’ of bscrct v that:

1 ¢(T~aF)=0; 2.SEFH(S) =¢(T)+r;

2 ¢(T~T")=r.

5.15 THEOREM. If AEmbl u and BEmbl v then
sct (mspr wv)(rct AB) = mspr (sct pd)(sct »B).
By following an alternative course indicated in the proof of 7.5 it is quite

feasible to avoid all use of 5.16 and 5.17.
5.16 DEFINITION. inv R=Ez [z is of the form (y, x) where (x, ) ER].

5.17 THEOREM. If u& Measure, v& Measure, ¢ =mspr uv, ¢/ =mspr vy,
then
dmn ¢’ = inv dmn ¢
and
¢/(inv B) = ¢(B) whenever B & dmn ¢.
6. Topological measures.

6.0 DEFINITIONS.
.1 topology=EZ [ is such a family of sets that:

FET whenever § C I;
aNpeET whenever « € T and 8 € E].
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If, for example, T is the family of all open subsets of a metric space, then
T Etopology.

.2 T topologizes § if and only if TEtopology and § =0

.3 Closed £ =EC[TEtopology and C=0T~A for some 4 ET].

.4 Compact T=EC[ZEtopology and corresponding to each subfamily
& of T for which CCo{§ there exists a finite subfamily  of § such that
CCo9].

We now use 2.1.4.

.5 Closure TA =wEB(4A CB&Closed ).

.6 regulartopology = E¥ Etopology [corresponding to each 4 EZ and
each xEA there is a BEZ such that x€B and Closure TBCA].

.7 Lindelsftopology = ET Etopology [corresponding to each FC T for
which ¢ =0¢Z there is such a countable subfamily & of § that G =0Z].

6.1 DEFINITION. sp’ ¢4 =EBCrim ¢[¢(4~B)=0].

In connection with 6.2.3-6.2.5 below we suggest that the symbols

‘Oh,, ‘Bh’, ch’
be respectively read as one would
‘Openhull’, ‘Borelhull’, ‘Closedkernel’.

Before pursuing 6.2 and 6.3 the reader may wish to recall Definitions 3.3,
3.5, and 3.6.

6.2 DEFINITIONS.

.1 Core T=Mass Closed Z.

.2 O/ T=E¢pEMsr ¢T [TEtopology and for each 4 CoT

#(4) = inf a E TN sp’ ¢pd¢(a)].
.3 Oh T=E¢EMsr ¢T [T Etopology and for each 4 CoT
¢(4) = inf « E TN sp Ad¢(a)].

Bh £ =Hull Borel £.
5 Ck T=E¢EMsr 0T [TE&topology and for each ACT

#(4) = sup B € Closed TN dmn’ ¢ N sb 4¢(8)].
From 3.7.1, 3.15, and 3.16 we infer at once the

6.3 THEOREMS.
.1 If & Topology then

Borel T =Borel Closed TCBore Closed £.
.2 If &Core T then
Bore TNdmn’ ¢ Cprxn Closed <.
.3 If &€ Core TNHull Bore Closed £ then
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mbl’ ¢ Cprxn ¢ Closed T.

6.4 DEFINITIONS.

.1 Lind $=E¢EMsr 6T [T Etopology, corresponding to each ¢ Esms ¢
and each FC for which ¢ F =0T there is a countable subfamily & of § for
which

Y(eT ~ ¢®) = 0].
.2 Clin £=Core TNLind .

.3 Radonmeasure T=E¢p&Clin TOh TNCkZ
[E Elocallycompactregulartopology and

Compact T C dmn’ ¢].
In connection with 6.4.1 we give 6.5 below.

6.5 THEOREMS.
.1 If T&topology, pEMsr ¢ T, and corresponding to each FC L for which
o§ =0 there is a countable subfamily @ of § for which

(e ~a®) =0
then
¢ € Lind E.
.2 If TELindelsftopology then
Lind & = Msr oZ.
In connection with 6.4.3 one can see that

¢ & Radonmeasure

if and only if:
T & locallycompactregulartopology;
¢ € Oh I; T C mbl ¢;
Compact T C dmn’ ¢;
for each AET
¢(A4) = sup B & Compact T M sb 4¢(6).

6.6 REMARK. The topological measures of particular interest to us in the
sequel are
Clin g, Ck € Clin T,
Bh T Clin T, Oh £ Clin &,
Oh T Ck £ Clin Z.
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Of these Clin ¥ is very general. If ¥ is the Euclidean topology for the plane
then: every Hausdorff dimensional measure belongs to Bh ¥ Clin T; in
particular if ¢ is Carathéodory linear measure then

¢ € Bh € Clin T, T cmbl ¢ = sng 0,
and hence ¢ does not belong to
Oh T Clin .
Still more special than
OhTCkTClin T
is
Radonmeasure ¥.

From different points of view this last class has received much attention.
From our point of view one interesting aspect of it is given without proof in
6.7 REMARK. Suppose

T € locallycompactregulartopology

and suppose € is the set of all those continuous functions which are on ¢
to the real finite numbers, and which vanish outside of some member of
Compact T.

Next suppose # is such a linear functional on € that »(f) 20 whenever f
is such a member of € that f(x) 20 whenever xEo <.

For each f&Compact T let Y(B) =the infimum of numbers of the form
u(f) where f is such a member of € that

Cr a8 =< f(x) whenever x € ¢Z.
Now let ¢ be such a function on sb ¢ that for A Co T
¢(4) = infa € TN sp 4 sup B € Compact T M sb ay(B).

Either directly or in keeping with pp. 231—249, Paul R. Halmos, Measure
theory, New York, 1950, it can be checked that:

¢ € Radonmeasure I;
u(f) = f f(x)ddx whenever f € §;

if ¢’ ERadonmeasure T and

u(f) = f f(x)¢'dx whenever f € €
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then
¢ = ¢.

In Theorem 6.8 below we study the reaction of ¢ to the taming process
6.8.5.

6.8 THEOREM. If
1 ¢EMsrolT,
.2 PCsb oS,
3 e RED whenever & is a countable subfamily of 9,
4 BNaED whenever BET and € P,
.5 Yy=mss ¢o TP,
then:
.6 YyEMsrol;
T if ACoT then ¢(A)=yY(4);
8 if AED then $(4) =Y (4);
9 if ACo T then Y(A) =inf aEHNsp AY(a);
.10 if pECore T, 4 EBore Closed T and TEDH dmn’ ¢, then

¥(T4) = $(T4);

11 if ECore T then Yy ECore T;
12 if ¢EClin T then ¢ &Clin I;
13 if =T and $E€O0h’ TNCk T then y&Oh TNCk T.

Proof. Let S =0 %. That

Y € Msr§
is a consequence of 3.2. Evidently, also
(¢Y) Y(4) = inf & € N sp 4¢(a)

for each ACS.
Proof .7. Using (1)

¥(4) = infa € DN sp 4¢(a) = ¢(4).
Proof .8. Using (1) and .7
¥(4) = inf a € $ M sp 4¢(a)
S ¢(4) = y(4).

Hence ¢(4) =¢(4).
Proof .9. Using (1) and .8

Y(4) = infa € DN sp 4¢(a)
= inf a € § N sp 4¢(a).
Proof .10. Let >0, §=sct ¢T. Thus
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6(8) = ¢(T) S Y(T) <
and by 3.5.3
6 € Core T.
Now we use 6.3.2 and the fact that
S ~ A € Bore Closed T
to secure such a member C of Closed ¥ that CCS ~4 and
0§ ~A~C) =,
and let
a=§ ~C.
Thus ACa€ESZ, TACTaE D,
¥(T4) = inf B € D N sp (T4)¢(B)
s ¢(Ta)
S ¢(T4) + ¢(Ta~ A)
=¢(T4) + 6(a~ 4)
= ¢(T4) +0(8 ~C~ 4)
= ¢(T4) +r.
Because of this and .7,
#(TA4) = ¥(TA4) = ¢(T4) + .

Proof .11. Let AET, Y(T) < », r>0.
The desired conclusion will be at hand after we have verified that:

W(T) + 1 2 Y(TA) + ¥(T ~ 4);
for some CEClosed TMsb 4
sct yT(A~C) S 1.
Use (1) to secure such a member T” of § that TC T’ and
&(T") = Y(T) + 1.
Using the fact that 4 Embl ¢ and .10 we infer
¥(T) +r 2 o(T)
= ¢(T"4) + ¢(T" ~ A)
= y(T'4) + ¢(T' ~ 4)
2 Y(TA4) +¥(T ~ A).
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Now use the fact that ¢ ©Core T to secure such a member C of Closed T
that CCA and

sct T/ (A ~ C) S r;

and, because of .10, conclude

sct yT (A ~C) < sctyT'(4A ~C)

=y[T'(4~0)]
¢[T'(4 ~0O)]
sct ¢7'(4 ~ C)
=

Proof .12. Suppose Y(T) < o, FCI, S =d§. Use (1) to so choose '€ O

that TC7T’ and ¢(T’) < «». Next use the fact that ¢ ELind < to choose such
a countable subfamily @ of § that

sct ¢77'(§ ~ o) = 0.

Thus, because of .10
sct yT(S ~ o®) = sct yT'(§ ~ o®)
=y[T'(§ ~o®)]
= ¢[T'(S ~o®)]
= sct ¢T'(§ ~ o®)
= 0.

Consequently ¢y €Lind .
From this and .11 it follows that

¢ € Clin Z.

Proof .13. Suppose A €T, r <y(4).
Use the fact that ¢ &Ck T to secure such a member C of Closed < that

CCA and r < ¢(C) < =,
Use the fact that &Oh’ T to obtain such a member o of TNsp’ ¢C that
¢(2) = ¢(C) + 1.

Observe that ¢p(ad) =¢(C) >r.
Now use the fact that & Ck T to secure such a member C’ of Closed €
that C'Cad and

&(C) > r.
Thus C'CA and
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r < ¢(C") =Y(C) = ¥(a)
=40+ 1< .

Consequently y €Ck &.
Furthermore, by .9, for each DCS we have

¥(D) = infa € $ M sp DY(a)
= infa € TN sp DY(a),
and thus
Yy €€ 0h g.

Locally null sets are now examined briefly.

6.9 DEeFINITION. null $¢A4 =EB [Corresponding to each x &g there is an
aE T such that xEa and ¢(ad) =0].

In 6.10 we see that null T4 is hereditary.

6.10 THEOREM. If B'CB&Enull TPA then B’ &null ToA.
6.11 THEOREM. If ¢ELind T and
C € Closed TN dmn’ ¢ N null Te4
then
#(AC) = 0.
Proof. Let § =¢g,
¥ =sct $(4C), § = Ea € T[Y(a) = 0]

and note that Yy Esms ¢.
We use the fact that

C &€ Closed T M null T4

to check that ¢ =S and then the fact that  ELind < to secure such a count-
able subfamily ® of § that Y(S ~o¢®)=0. Accordingly y(¢®) =0 and

#(4C) = ¢(3) = Y(e®) + ¢(S§ ~0®) =0+ 0= 0.
6.12 THEOREM. If ¢ EClin & and
D& TN dmn’ ¢ N null Tp4
then
¢(4D) = 0.

Proof. Use the facts that ¢ Core T and ¢(D) < « to secure such a se-
quence ¢ that

¢n EClosed &, ¢, C D,
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&(D ~c¢,) <277,

for each n€w.
Applying 6.10 and 6.11 we have for each n€w,

¢(AD) £ ¢p(Aca) + ¢(D ~ cn)
=0+ 2

Thus ¢(4D) =0.

We close this section with a short account of what does happen to Core &
and what might happen to Clin ¥ in the event ¥ Emetrictopology.

6.13 DEFINITION. Md p=E¢|[p is a metric, $ & Msr ¢ open p,

#(A\J B) = ¢(4) + ¢(B)
whenever
distance pAB > 0].

6.14 THEOREM. If p is a metric and ¥ =open p then

Md p = Core Z.
6.15 THEOREM. If p is a separable metric and T =open p then
Md p = Clin .

6.16 REMARK. Suppose p is a metric, T=open p, S =0T, and p&Msr §S.
It is easy to verify that

¢ ELind T
if and only if:

) for each Yy Esms ¢, there exists NCS such that S ~N is separable p
and ¢(N) =0.

Marczewski and Sikorski have shown(?) that if TCmbl ¢ and if the
separability character(?) of p has measure zero(?) then the condition (1) holds.

S. Ulam has shown(4) that every cardinal number less than the first
weakly inaccessible cardinal(®) has measure zero(?).

Thus we have the following theorem.

6.17 THEOREM. If p is a metric, T =open p, and the separability character(*)
of p is less than the first weakly inaccessible cardinal(®), then

(%) Marczewski and Sikorski, Measures in non-separable metric spaces, Colloquium Math.
vol. 1 (1948) pp. 133-139.

(®) The smallest cardinal of the form, The power of 4, where closure p4 =S .

(*) S. Ulam, Zur Masstheorie in der allgemeinen Mengenlehre, Fund. Math. vol. 16 (1930)
pp. 140-150.

(®) See. A. Tarski, Uber unerreichbare Kardinalzahlen, Fund. Math. vol. 30 (1938) pp. 68—
69.
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Md p = Clin £.

The separability character of p is, of course, not larger than the power of
o¥.

7. Topological Fubini theory. We use 2.3.2 in 7.0.

7.0 DEFINITION. M[IN =The topological product of M and N

= Ea(a = oF for some § C Rct IMN).

It is well known and easy to see that if IMEtopology and NEtopology
then M IN Etopology and

cMON) = rct oMoN.

Theorem 7.7 below and 5.11 above allow wide latitude in interchanging
order of integration. In other situations, however, one might prefer a product
measure which more faithfully reflects the properties of the topological meas-
ures given in advance.

This leads us to 7.1.

7.1 DEFINITIONS.

.1 mspro MNuv =mss mspr uve(MOIN) (MCIN).

.2 msprb MNur =mss mspr uwve(MIN) Borel (MIN).

In 7.2 below we have vertical and horizontal slices in mind. We ourselves
shall not use 7.2.2 but the reader may wish to if he chooses to pursue the
alternative course indicated in the proof of 7.5.

7.2 DEFINITIONS.

.1 vs Sx=Ey[(x, y)ES].

.2 hs Sy=Ex[(x, y) €S].

7.3 DEFINITION. cbl =the family of all countable sets.

7.4 LEMMA. If u€Ck M Clin M, »€Ck N Clin N, ¢ =msprur, FCRct
MN, S=o, and

sup € cblNsb Fop(e) = b < =
then

f Cr (x, y)Svdyudx = b.

Proof. So choose
G EcblNsb §F
that
¢(e®) = b,
let
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T = o0,

and divide the remainder of the proof into 5 parts.
ParT L. b= fv(vs Tx)udx.
Proof. Use 5.11.
ParT II. If 0<r< o,

A = Ex[v(vs Tx) < r < »(vs Sz)],
A’ = Ex[r < »(vs Sx)]
then
A’ € M N null Mud.

Proof. Let t&A’. Since r <v(vs St), vs StEN, vECk N we can and do
choose such a member C”’ of Closed ¢ that

C" Cvs St, r<»(C") < .
Let
& = EB € F(t € dmn B),
check that
C" C mg oP,

and use the fact that »&Lind N to secure such a countable subfamily &, of
%1 that

»(C"” ~ g ¢®,) = 0.
Now use the fact that #Cmbl » and the now evident fact that
v(mmg o®,) = v(C"") > r
to secure such a finite subfamily £, of @, that
1) r < »(rng o).
Let
v =rct (N B € $: dmn B)(U B € $1 g B),

(2) a = dmn ¥v.
Note that
tcaceM
and complete the proof in Step 4 below by verifying that
u(@d) =0 and a C 4’

SteP 1. yCo 1.
Proof.
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y=UBE Hirct (NBE $ dmn B) mg B
CUBE 9§ rct dmn B8 g 8
=Uﬁ€@1ﬂ=0©1.

STEP 2. ¥(rng ) >r.
Proof. Because of (1) and the (2) fact that rng y=rng ¢$:

v(rng v) = v(xng e1) > r.

StEP 3. ¢p(y~T) =0.
Proof. Let & =®\U ;. Thus

@ € cbl N sb §,
and, in the light of Step 1,

b= sup $ & cbl N sb Fo(eH)
Z ¢(e¥)
= ¢(T) + ¢(e®& ~ T)
=o¢(T) + ¢(eHr ~T)
Z o(T) +o(v~T71)
=b+o¢(v~ 1),

0=¢(y~T)=b—-0b=0.

STEP 4. u(ad) =0 and aCA’.
Proof. For each xEa we infer from Steps 1 and 2 that

r < »(rng v) = v(vs vx) < »(vs Sx)

and hence that x&A4’. Accordingly aCA4’.
Since by Step 3

[ #vs v~ Dz = 9r ~ 1) = 0
it follows that
w(Ex € afv(vs (y ~ T)x) > 0]) = 0.
But, because of Step 2,
ad = Ex € afv(vs Tx) < 7]
C Ex € a[v(vs Tx) < »(rng v)]
= Ex € a[v(vs T%) < »(vs yx)]
C Ex € a[v(vs (y ~ T)x) > 0].
Consequently
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ulad) = 0.
ParT III. If 0<r < 0,
A = Ex[v(vs Tx) < r < v(vs Sx)]
then
u(4d) = 0.
Proof. Let
A’ = Ex[r < »(vs Sz)].
We know from Part II that
ACA EMNnull M pd.
Now if
C &€ Closed M N dmn’ u M sb 4’
then: because of 6.10 and 6.11
u(4C) = 0;
hence
Alm px{v(vs Tx) = r-Cr 2C};

because of this and Part I

o > =fv(vs Tx)udx

=7 f Cr 2Cudx = r-u(C);

u(C) S b/r < =
Consequently, since u&Ck MM,
p(d) £ b/r < =
and 6.12 assures us
u(4) = u(44') = 0.
Part IV. Alm px{v(vs Tx) =»(vs Sx)}.

Proof. Let R’ be the positive rational numbers. Clearly

rlm u N Ex[v(vs Tx) % »(vs Sx)]

= Ur € R'Ex[v(vs Tx) < r < v(vs Sx)]

and the desired conclusion now follows from Part III.

[May
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Part V. [fCr (x, y)Svdyudx =b.
Proof. From Part IV, Part I, and the fact that for each x

vs Sx € N C mbl »

we infer

© > b= fv(vs Sx)udx

= f Cr (x, y)Svdyudx.

7.5 LEMMA. If u€Ck M Clin M, »ECk N Clin N, ¢ =mspr wyv, T=MIN,
FCRct MR, S=0F, and

sup B € Closed TN dmn’ ¢ Nsb S¢(8) = ¢ < »

then:
1 ¢(S) =a;
.2 SEmbl’ ¢;
.3 there is such a countable subfamily ® of § that
o(S ~d@®) = 0.
Proof. Let
b = sup € cbl N sb Fo(aD),
so choose
® E cblsb §
that

We divide the remainder of the proof into 6 steps. The first of these is
easily checked with the aid of 5.13, and the second is an immediate con-
sequence of 7.4. In connection with Step 3 the reader may prefer to convince
himself that an alternate proof can be given, without the use of 5.16 and 5.17,
by making the obvious changes in the proof of 7.4. Conclusions .3, .2, .1 fol-
low respectively from Steps 4, 5, and 6.

STEP 1. ¢(0®) =b<Sa< © and c®Embl’ ¢.

StEP 2. [[Cr (x, y)Svdyudx =b.

StEeP 3. [/Cr (x, y)Sudxvdy =b.

Proof. Let

=, vV o= p, m =N, N =M,

¢’ = mspr wp,
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§ =UBE §snginvp,
S = o’
Clearly,
F C Rct MR
Furthermore, if  C§ then

c(UBE Rsnginvp) = UB E R sng inv B
=UBE finvg=invUB E 88 = invef.

Accordingly

4 o(UBE R sng inv B) =inv ¢ ® whenever RC §
and in particular

S S=0F =invoeF=inv S.
Thus because of .4 and 5.17

sup ' € cbl N sb F¢'(¢') = sup € cbl M sb F ¢'(cU B € O sng inv B)
= sup Y € cbl N sb F¢'(inv ¢O)
= sup © € cbl N sb F(cH) = b.

In view of this, .5, Step 1, and 7.4 we conclude

b= ff Cr (z, y)S'V'dyu'dx

= f Cr (y, x)Sudyvdx

= f Cr (x, y)Sudxvdy.
StEP 4. ¢(S~0®) =0.

Proof. Let T=0®, and R=S~T.
From Steps 2 and 3 we know

.6 ff Cr (x, y)Spdxvdy = b = ff Cr (=, y)Svdyudx.

On the other hand from Step 1 and 5.11 we learn

N f f Cr (%, y)Tudavdy = b = f Cr (x, y) Tvdyudx.

Now since, for each g,
CrzR = Cr 2S5 — Cr 27,
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we infer from .6, .7 and Step 1 that

f f Cr(x, y)Rudxvdy = 0 = f Cr (x, y)Rvdyudzx.

Thus REnil uy, and because of 5.11 ¢(R) =0.
STEP 5. SEmbl’ ¢ and ¢(S) =b.

Proof. Use Steps 1 and 4.

STEP 6. ¢(S) =a.

Proof. With the help of Steps 1 and 5 conclude

$(S) = b = a = ¢(5).
7.6 LEMMA. If u&Clin M, v&Clin R,
p(@M) + v(@N) <
then
mspr v € Clin (M [ N).

Proof. Since u(eN) < © and v(eN) < « it follows that u&Ck M Clin I,
yECk N Clin RN. Let T=MIN, ¢ =mspr uv and complete the proof in five
parts.

ParT I. TCmbl ¢.

Proof. Apply 7.5.2.

Part I1. If SE T then ¢(S) =sup BEClosed TNsb Sp(B).

Proof. Apply 7.5.1.

Part III. ¢ECore T.

Proof. Let §’ =Closed T and, from Part I and Part II and the fact that
¢(0T) < », infer F'Cmbl ¢ and cmpl F' =T Cprxn ¢F'. Now apply 3.5.4 to
learn that

¢ & Mass §' = Core £.

Part IV. ¢ELind .

Proof. Apply 7.5.3 and 6.5.1.
Part V. ¢ EClin .

Proof. Apply Parts I1I and IV.

7.7 TuEOREM. If uEClin I, v&EClin N, then
mspr w» € Clin (M N).

Proof. Let T=M[IN, p =mspr v, S =0 T.
The desired conclusion may be established by noticing that if we view
Parts I, 11, I1I below, in the light of assumption (1), then:

T C mbl ¢;
for each DEZT and each T&dmn' ¢,
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inf C € Closed £ M sb D sct ¢T (D~ C) = 0;
¢ € Lind <.
Assume
(1) (7)) < =, r>0, Deg, §CZ §=o0F
Use 5.14.2 to secure such a member T of bscrct uv that
0 $(T ~T) < 1/2.
Let ¢ =sct ¢T” and so choose 4 Embl’y and BEmbl'y that T’ =rct 4AB. By
5.15
3) Y = mspr (sct ud)(sct vB).
Also
sct u4 € Clin I, sct ¥B € Clin R,
sct ud(eIM) + sct vB(eM) < =,
and hence by 7.6 and (3) )
(4) ¢ € Clin .

PArT 1. ¢(T) +7Z¢(TD)+¢(T~D).
Proof. Using (2) and (4),

¢(TD) + ¢(T' ~ D) = ¢(T'TD) + ¢(T'T ~ D) + (T ~T') + ¢(T ~T')
S ¢(T'TD) + ¢(I'T ~ D) +r
=y(TD)+¥Y(T~D)+r
=y(T) +r
=¢(T'T) +r
= o(T) +r

PART II. There exists CEClosed T such that

CCD and sct¢T(D~C) Zr.

Proof. Use (4) to secure CEClosed T for which CCD and y(D~C) =r/2.
Thus by (2),

sct T (D~ C) = ¢(TD ~ C)
S¢(I'D~C)+ (T ~T
=y(D~C)+¢(T~T)
<7/2+4+1/2
=7,

Parrt II1. There exists such a countable subfamily ® of § that
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sct 9T(S ~od®) < r.
Proof. Use (4) to secure such a countable subfamily @ of § that
¥(S§ ~d®) = 0.
Thus

sct ¢T(S ~ o®) = ¢(T ~ ¢0)
S ¢(I'~oB) + (T~ T
=y ~d8) + (T ~T)
=0+7/2
=

To point out the utility of 7.7 we should like to formulate in 7.9 two im-
mediate special consequences of it and 5.11.

7.8 DEFINITION. Borelian T =Ef[TEtopology, f is such a function on
¥ to the reals that

Ex[f(x) = \] € Borel T
whenever — 0 SAS » |.

7.9 THEOREMS.
1 If u&Clin M, v&Clin N,

#(@M) + »(eN) < =,
f € Borelian (M N),
fz) =0 whenever z € o(M I N),

fff(x, ¥)udxvdy =fff(x' y)vdyudz.

.2 If u€Clin M, v&Clin N, ¢ =mspr uv,

f € Borelian (MM O N),
f(z) =0 whenever z € o(M [ N),
Ez[f(z) > 0] € cmbl ¢,

f f f(x, Yudwvdy = f f f(x, y)vdyudx.

7.10 THEOREM. If u&Ck M Clin M, v&Ck N Clin N, T=M[IN then

then

then



212 W. W. BLEDSOE AND A. P. MORSE [May

mspr wv € Ck T Clin .
Proof. It follows from 7.7 that
mspr y» © Clin &
and it follows from 7.5.1 that
mspr v & Ck <.

7.11 Lemma. If u€Bh MM Core M, v&Bh N Core N, T=MWM[IN,
YEMspr w g, TCmbl ¢, SEbscrct wy, SCS”"EF, then

S € mbl’ ¢.
Proof. First choose a Embl’ u and bEmbl’ » so that
S = rct ab
and then either directly or with the help of 6.3.3 secure a’, a”’, ¥’, b, so that
a’ & Borel I, a’’ € Borel M, a CaCa’,
p(a") = u(a) = p(a"),
b’ € Borel N, b &€ Borel N, ¥ CboC¥,
v(b) = v(b) = »(d").
Now
rct a’d’ € Borel £ C mbl ¢,
rcta”’d”’ &€ Borel T C mbl y,
rcta’d C S C S rct @”’b” CS” € cmbl ¢.

Consequently, in"view of 5.5.1 and 5.3 we have
w(d) »() = f Cr (x, y) rct ¢’b'udxvdy
= y(rct a’b’) = Y(S) = Y(S” rct a”’b")

= f Cr (x, ¥)(S" rct a”’b"")udavdy

= f Cr (x,y) rct @b pdavdy = p(a’’) -v(d")

= u(a)-v(d) < .
Thus
Y(S ~ rct @'d’) = Y(S” rct @”'b"’ ~ rct a'd’)
= (S rct a”’b"’) — Y(rct @'d’) = 0
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and
S =rcta’d\JS ~ rct @b’ & mbl y.

7.12 TueoreEM. If pu&€Bh M Clin M, »&Bh N Clin N, ¢ =mspr w»,
¢ =msprb MNuy, T=IMOIN, then

1 ¢(a) =y(a) whenever a &Borel T,

.2 y€Bh T Clin  Fubini u.

Proof. Let $ =Borel T, deduce .1 from 6.8.8, and use 6.8.9 and 6.8.12 to
see that

¥ € Bh & Clin T.

Now let
& = Borel T dmn’ ¢.
Clearly
Y = mss paTH = mss ¢poTF = mss YoTF.
Consequently

§ € bscy
and from .1 and 5.11 we see that
3 yEMspr w§.

Since £Cmbl ¥ and since any SEbscrct v is clearly a subset of an
S & (bscrct uy)NF we learn from 7.11 that

S &€ mbl’ y.
Consequently
bscrct uv C mbl’ ¢
and because of .3, 5.3, and 5.0.8 we are sure
¥ € Fubini uv.

7.13 THEOREM. If u€Oh M Clin I, »&Oh N Clin N, p=mspr w»,
¥ =mspro MNur, T=MOIN, then

1 ¢(a) =y¢(a) whenever c €T,

.2 y€O0h T Clin  Fubini uv.

Proof. Let $=T, deduce .1 from 6.8.8, and use 6.8.9 and 6.8.12 to see
that

¥ € Oh T Clin .
Now let
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F = T dmn’ ¢.
Clearly
¢ = mss ¢oTH = mss ¢oTF = mss YoTF.
Consequently
T Ebscy
and from .1 and 5.11 we see that
3 Y& Mspr w{.

Since TCmbl ¢ and since any SEbscrct uv is clearly a subset of an
S" € (bscrct wv) N\ F we learn from 7.11 that

S € mbl’ y.
Consequently
bscrct uv C mbl’ ¢
and because of .3, 5.3, and 5.0.8 we are sure
¥ € Fubini .

7.14 THEOREM. If p€Oh MM Ck M Clin M and v&Oh N Ck N Clin N,
¥ =mspro MRpy, T=MON, then

¥ € Oh T Ck T Clin T Fubini u».
Proof. Let ¢ =mspr uv and take advantage of 5.14 to see that
¢ € Oh'T.
Thus because of 7.10
¢ € Oh T Ck T.
Now let =T and apply 6.8.13 and 7.13 to learn that
¥ € Oh T Ck T Clin T Fubini uy.

7.15 THEOREM. If u & Radonmeasure N, v& Radonmeasure N, T=MIN,
Y =mspro MNuv, then

¥ € Radonmeasure T Fubini ur.

7.16 REMARKS. Roughly speaking, the situation seems to be this.

If uEClin M and »&Clin N, as is the case in 7.7, 7.9, 7.10 and in 7.12—
7.15, it turns out according to 7.7 that mspr uv, which is defined solely in
terms of u and », nevertheless belongs to Clin (IM[JN). Because of 5.11 we
thus have in 7.7 a powerful tool for inverting the order of integration. For
those to whom this is the only question of real interest the theorems after 7.7
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will be of little concern. When u and » are narrowed slightly in 7.10, out
mspr uv follows suit. In 7.12-7.15 wherein p and v are somewhat differently
narrowed we were forced to tame mspr u» a bit, in terms of the topologies I
and N, in order to make it reflect the new properties of u and ». That this
can be done with fair ease is because of the fact that, even though mspr uv
might be somewhat wild on some sets, it is quite tractable on Borel (MIN)
or for that matter on the vastly larger class Bore Closed (IR[N).

Theorem 7.15 has been anticipated in the literature by an interesting
theorem(®) proved by R. E. Edwards along lines suggested, in part, by some
unpublished results of J. L. B. Cooper. Theorem 7.15 is, of course, a quite
special case of 7.14. Even 7.14 and 7.13 are inadequate, or at best clumsy
tools for dealing with measures which assign very infinite measure to every
nonvacuous open set. We have in mind here measures similar to Carathéodory
linear measure in the Euclidean plane. For such measures, Theorem 7.12
seems fairly satisfactory, especially if one cares for a product measure similar
to the preassigned measures u and ». If one does not care for this but wishes
to maximize his freedom in interchanging the order of integration, then, as
we have indicated before, we recommend that Theorem 7.7 be employed in
conjunction with 5.11.
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(®) R. E. Edwards, 4 theory of Radon measures on locally compact spaces, Acta Math. vol.
89 (1953) p. 151, Theorem 11.



