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1. Introduction. One of our aims is to free topological Fubini theory from

the usual restraints of local compactness. In this connection we shall regard

Radon measures as very special indeed. Another of our aims is to associate

with any two measures p and v such a product measure <f> that in the event

p and v happen to be topological measures of a rather general sort, then our

topology-free measure <p will actually be a similar topological measure under

which the Borel subsets of the product space are measurable^). We shall

reach both these goals even though an obvious obstacle in our path to the

second is the fact that the open sets of a topological product are not always

contained in the a-field generated by the open rectangles. The product meas-

ure we construct in order to overcome this difficulty allows more summable

functions and greater freedom of action than the product measures con-

sidered heretofore.

In §3 we consider a family of sets which is closed to finite union and

countable nonvacuous intersection. With this family we associate a family of

measures and for these measures we infer subset theorems which yield at once,

in §6, corresponding closed subset theorems.

§4 deals with some aspects of measure integration and gives a funda-

mental result, 4.10, on the approximation of integrable functions by functions

of a more elementary character.

In §5 we develop a general Fubini theory and construct a specific product

measure.

In §6 topology enters our theory for the first time. Several kinds of

topological measures are considered; applications of §3 are made; the reac-

tions of various measures to a sort of taming process are investigated in 6.8;

locally null sets are examined briefly; and finally some attention is paid to

metric measures.

§7, with which we close our paper, is devoted to a topological Fubini

theory in which the nontopological product measure constructed in §5 not

only has considerable topological merit in its own right, but also prototypes

two other interesting, topologically fashioned, product measures.

To many our result of greatest interest and utility will be Theorem 7.7

viewed in the light of 5.11.3. Because of the technical language in which 7.7

is phrased, we should like to give here a somewhat detailed but informal

account of much of its content.
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(') Whether or not ordinary product measure has this property remains an open question.
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Suppose p is an (outer) measure defined for all the subsets of a topological

space S. Suppose that p(S) < °° and that each open set is not only measurable

but equal in measure to the upper bound of the measures of closed subsets.

Suppose further that from each covering of S by open sets a countable sub-

family can be extracted which covers almost all of S. If v is another measure

like p, then our associated product measure bears to the topological product

space the same relation as p does to S, and at the same time satisfies the

Fubini equality for summable functions. The novel feature of our product

measure is that we require to be of measure zero each set whose characteristic

function integrates iteratively in both orders to zero.

Any reader whose interest in the present paper does not extend beyond

5.11 and 7.7 is advised to omit all of §3 except 3.1-3.6 and all of §6 except

6.0, 6.2.1, 6.2.5, 6.4, 6.9-6.12. Among the results so bypassed is Theorem

6.3.2 whose applicability to a class of sets far more extensive than analytic

sets can scarcely escape anyone interested in the latter.

2. Preliminary definitions and notations.

2.1 Definitions.

.1 ~B = the complement of B.

.2 sng y = Ex(x=y).

Thus sng y is the set whose sole member is y.

.3 a% = \J0E$0 = Ex(xE0 for some 0E%).

.4 Tr$ = r\0E$0 = Ex(xE0 for each 0E%).

.5 sb A = subset A=E0(0EA).

.6 sp A = superset A = E0(0Z)A).
2.2 Definitions.
.1 dmn / = domain f = Ex[(x, y)Ef for some y].

.2 dmn'/=E*edmn/[|/(0|<*].

.3 rng/ = range f=Ey[(x, y)Ef for some x].

.4 rim </> = realm <p=a dmn <p.

In the above/ and <f> are not required to be functions; they may equally

well be relations (i.e., sets of ordered pairs) of which functions are but special

cases. We assume, of course, there is no difference between a function and its

graph.

2.3 Definitions.
.1 ret AB =the set of ordered pairs (x, y) such that xEA and yEB.

.2 Ret %& = ER(R = rctAB for some AE% and some BE&).

2.4 Definitions.

.1 a>' = the set of integers.

.2 co = the set of non-negative integers.

We shall assume the integer 0 and the empty set are the same.

2.5 Definition, cmpl g = ET?(B =a$~C for some CE%).

3. Measures.

3.1 Definitions.
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.1 <p measures S if and only if <p is such a function on sb S that:

0 ^ <b(A)    whenever   A C S ;

and

<b(A) ̂YBE U(B)

whenever % is a countable family for which

AC*%CS.

Clearly if 0 measures both S and S' then S =S '•

.2 Msr S = E(p(<t> measures §).

We now use 2.2.4.

.3 Measure = E<p(<p measures rim <p).

.4 mbl 0 = measurable <p = EA £dmn 0[<p£ Measure and

4>(T) = 4>(TA) + <p(T ~ A)

whenever T£dmn <p].

We now use 2.2.2.

.5 mbl'0 = mbl<pndmn'<p.

.6 set <pT = section cpT = the function yp on dmn <p such that, for each

A Gdmn <p,

*(A) = <b(TA).

.7 sms <£ = submeasure <p = E^[<p£Measure and ^ = sct <pT ior some

TEdmn' (h].

.8 mss gS& = the function <p on sb S such that if A is any subset of S

then <p(A) is the infimum of numbers of the form

2> e mb)
where % is such a countable subfamily of § that A Oij.

In this connection we should like to remind the reader that an empty

infimum is oo.

Many special instances of the construction described in .8 have been

given. Not unexpected, therefore, and certainly not unknown is the following

general theorem.

3.2 Theorem. // S is a space, § is a family of sets, g is a function on §

to the non-negative reals, then

mssgS£> G. MsrS.

Those measure theoretic results of which we presuppose a knowlege may

be found in H. Hahn, Theorie der reellen Functionen, vol. 1, Berlin, 1921, pp.

424-432.
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3.3 Definitions.

.1 borel g = the smallest family which contains gWsng <rg and which is

closed to countable (including vacuous) union and nonvacuous countable

intersection.

.2 Borel g = the smallest family which contains g and which is closed

to countable (including vacuous) union and complementation with respect to

<rg.

3.4 Definition, internal = Eg[g is closed to finite (including vacuous)

union and nonvacuous countable intersection].

3.5 Definition, prxn c6g = E5 [<f>EMeasure and

inf C E g r\ sb B<p(B ~ C) = 0].

Thus prxn <6g consists of those sets which can be ^-approximated from

the inside by members of g.

In 3.6.3 below we introduce a concept which has received relatively little

attention. To guide our intuition we glance ahead at 6.0 and then imagine

££topology and g = Closed X.

3.6 Definitions.

.1 Hull § = E0£Msr <r§[Each .4£dmn 0 [s so contained in some A'E&

that <p(A)=<p(A')].
.2 Mass g = E0GMsr crg[gGinternainsb mblc6, and cmpl gCprxn^ g

whenever i^Gsms c6].

.3 Bore g = E^ Og[A Gmbl <p whenever 0GMass g].

3.7 Theorems.

.1 borel gC Borel gCBore g.

.2 7/ci.eMass g then Bore gCmbl <p.

.3 If cpEMass g then sms c6CMass g.

.4 If <6£Msr o-g, gGinternalOsb mbl <j>, and cmpl gCprxn 0g, then

<(>EMass g.

.5 Mass Borel g = E^GMsr crg(gCmbl <p).

.6 Bore Borel gCBore g.

A well-known, useful, and fairly obvious companion to 3.2 is

3.8 Theorem. 7/S =a§, <£GMsrS,

£ = Borel £ C mbl <f>,

and

ip = mss d>S!&,

then:
.1 ^GMsrS;
.2 if ACS then<p(A)^ip(A);
.3 ifAE$then<p(A)=ip(A);
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.4 0GHull $;

.5 §Cmbl0.

Also of use to us is

3.9 Theorem. J/0EHull &, § = Borel |>, and

§ n dmn' d> C prxn 0gf>

mbl' <f> C prxn 0^.

Proof. The desired conclusion is evidently a consequence of the

Statement. Ifr>0 and 5Gmbl' 0 then there is a C(£ %for which

C C B    and   <p(B ~ C) ^ r.

Proof. So choose B' and B" from § that

B C B',       B'~BC B",

<t>(B') = 4>(B),       <p(B") = <b(B' ~ B).

Notice that

B ~ B" = B' ~ B" E $ r\ dmn'4>

and then use the fact that

§ (~\ dmn'0 C prxn0u:

to so secure C£ 5 that

CCS~5"    and    0((5 ~ B") ~ C) ^ r.

Thus we see that CQB, and, since 2J£mbl' 0, we conclude

«(5 ~ C) ^ 0((S ~ 5") ~ C) + 0(5")

g r + <b(B")

= r + <b(B' ~ B)

= r + 0(5') - 0(5)

= r + 0 = r.

Lemma 3.10.1 below is not hard to check and is presumably known to

many. Lemma 3.10.2 was known to W. Sierpinski, Les ensembles Boreliens

abstraits, Annales de la Societe Polanaise de Mathematique vol. 6 (1927)

p. 51. It can be readily verified either directly or with the help of A. P.

Morse, The role of internal families in measure theory, Bull. Amer. Math. Soc.

vol. 50 (1944) p. 724, Theorem 3.2. Lemma 3.11 is a consequence of Part I

of the proof of 4.5 on p. 725 of the paper just cited.
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3.10 Lemmas.

.1 If cmpl gGborel g then g contains such a countable subfamily g' that

<rg'=crg.

.2 If cmpl gCborel g then

borel g = Borel g.

3.11 Lemma. 7/c6GMsr o-g, c6(<rg) < oo, gGinternalP\sb mbl <p, and § is

a countable nonvacuous subfamily of prxn c6g then er§Gprxn c6g and tt!q

Gprxn <5g.

3.12 Theorem. 7/c6GMsr o-g, c6(o-g) < oo, gGinternalHsb mbl <j>,

g C © C prxn <£g,

then

borel ® C prxn c6g U sng o-g.

Proof. Note that o-g=<r®, OGg, and then apply 3.11.

By taking g = ® in 3.12 and then using 3.10.1 and 3.11 we easily infer

3.13 Theorem. If gGinternal and cmpl gCborel g then

Mass g = E<p E Msr o-g[g C mbl <j>].

3.14 Lemma. 7/<6GMass g and <6(<rg) < oo then

Borel g C prxn 0g.

Proof. Let

® = g U compl g.

Since

OGg,        cmpl g C prxn 0g

it is clear that

<rg G prxn <^.g,        g G ® C prxn tf>g.

From this and the fact that ®=cmpl ® it now follows from 3.10.2 and 3.12

that

Borel g C Borel ® = borel ®

C prxn tf>g U sng erg = prxn d>%.

Theorems 3.15 and 3.16 below were given by A. P. Morse in his 1952-53

Lectures on Real Variable at the University of California.

3.15 Theorem. 7/c6GMass g then
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Bore § C^ dmn' 0C prxn d>%.

Proof. We suppose

B £ Bore g H dmn' 0

and complete the proof by showing

B G prxn 0g.

Let

S = <rg,        § = Borel g,        0' = set 05,

0 = mss 0'S §,

and notice

0(S) = 0'(S) = 0(5) < oo.

Because of 3.7.3 we know 0'GMass %. Consequently 3.14 assures us

§ C prxn 0'ft.

Clearly

§ = Borel £ C mbl 0'.

With 3.8 in mind we now infer: from 3.8.3 that

(1) cmpl % C & C prxn 0g;

from 3.8.5 that

(2) i?C§C mbl 0;

from 3.6.2 that

v.-, §£ internal;

from (1), (2), (3), and 3.7.4 that

(4) 0 G Mass S;

from (4) and 3.7.2 that

(5) B G mbl 0 = mbl' 0;

from (5), (1), 3.8.4, and 3.9 that

(6) B G mbl'0C prxn 0g;

from (6), 3.5, and 3.8.2 that corresponding to each r>0 there is a CE ^Hsb B

for which

r^f(B~C)^ 0'(5 ~ C) = 0(5 ~ C).
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Consequently

B E prxn *g

and the proof is complete.

3.16 Theorem. 7/<6GMass gHHull Bore g then

mbl' <p E prxn *g.

Proof. Let !q = Bore g. Notice that

^ = Borel §,

infer from 3.15 that

^ r\ dmn' <j> C prxn #g,

and conclude from 3.9 that

mbl' d> C prxn *g.

4. Integrable functions. We have no intention of developing measure

integration here. However we do wish to make clear certain fundamental

aspects of this subject as we presently view it.

4.0 Definition, cmbl <j> = EA [mbl' 0 contains such a countable family g

that^4=o-g].

4.1 Definitions.

.1 Massable t6 = E/[c6GMeasure, / is such a function on some subset of

rim </> to the reals that

Ex[f(x) ^ X]Gmbl</)

whenever — oo ^Xg oo ].

.2 Integrable+c6 = E/G Massable <p [f is such a function on rim <p to the

non-negative reals that

Ex[f(x) > 0] G cmbl*].

.3 Aim <f>xP if and only if <pEMeasure and c6(rlm <f>~ExP) =0.

In .3 above we allow 'P' to be replaced by an arbitrary formula such

as for example

'[f(x,y)>0}>.

4.2 Remark. There are, of course, many different approaches to measure

integration. The approach we have in mind, but do not specify, leads to an

integral which enjoys properties .1 through .5 listed below. On a purely

factual basis any approach to integration which yields properties .1 through

.5 is equally satisfactory for our immediate purposes. We do not, however,

recommend .1 through .5 as an approach to integration.
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Properties .2 and .3 tell us the sort of integrand to expect in an existent

integral. Properties .4 and .5 help us evaluate the integral of certain inte-

grands. Property .1 is useful on both counts.

We assume, henceforth, that oo — oo is not a number and we also assume

that

0-y = y-0 = 0

no matter what y may be, but that x and y are always numbers whenever

x+y is a number.

.1 If Alm0x{/(x)=g(x)} then

I f(x)<bdx =   I  g(x)<bdx.

.2 If 0GMeasure and ff(x)<pdx is a number, then

Aim 0x {/(x) is a number J.

.3 If 0GMeasure and / is such a function on rim 0 to the non-negative

reals that ff(x)<pdx is a number, then /£ Integrable +0.

Definition 2.4.1 is used in .4 below.

.4 If/GIntegrable+0, then

ff(x)d>dx =   oo-0(Ex[/(x)  =   oo   ])

+ lim   Y » G w'{Xn-0(Ex[Xn ^ f(x) < An+1])}.
X->1+

.5 If/GMassable0, then

j f(x)d>dx =  I P(x)<bdx - JN(x)<bdx

where P and N are such functions on rim 0 that

P(x) = IniEt[0^t ^/(x)]

and

N(x) = Inf Et[0 ^l^ -f(x)]

whenever xGrlm 0.

In connection with .5 it should be clear that if

a = Inf [0 ^ t ^ X]

then:
if O^X then a=X;

if XgO thena = 0;
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if X is not a real number then a = oo.

Largely because of .3 and 4.1.2 it turns out that if 0GMsr S, then

J  ld>dx = 0(S)

if and only if

S G cmbl 0.

Thus in peripheral situations an integral different from ours may well be oo

whereas ours is not even a number. We feel, however, that this slight lack of

generality is more than made up for by a more attractive theory. For exam-

ple, in terms of a slightly more general integral than ours, Theorem 5.11

could be viewed in the light of Definition 5.0.8 and then refuted by a well

known counter-example given by S. Saks at the bottom of page 87 of his

Theory of the integral, New York, 1937. We avoid such difficulties by simply

refusing to attempt the integration of any function which cannot itself be

approximated almost everwhere by a sequence of functions with finite valued

integrals.

4.3 Definitions.

. 1 Integrable 0 = E/G Massable 0 [ — oo g ff(x)<pdx ̂  «> ].

.2 Summable 0 = E/G Integrable 0[— oo <ff(x)<j>dx< oo ].

.3 Summable +0 = Integrable +0f>\Summable 0.
To avoid tedious future reasoning by cases it is convenient to have avail-

able once and for all the following theorem.

4.4 Theorem. If 0 ^ c ^ oo, Aim 0x {/(x) ^ 0}, and ff(x)<pdx is a number,

then

0 ^ c-  I f(x)<pdx =  j   {c-f(x)}<pdx ̂  oo.

4.5 Definitions.
.1 cps g = EX(X is a function, dmn X = g, 0^X(/3)^ oo whenever SGS.

E/3[X(/3)>0] is countable).
.2 Crx.4 = 1 or 0 according as x is or is not a member of A.

.3 Crct S% = Ef(f is such a function on S that, for some XGcps %,

/CO = YPe%{\(B)Crx8}

whenever xG-5).

In connection with .3 we do not assume % is countable. Moreover

YPe%{HB)-Crx8}

is the supremum of numbers of the form

YPe$'{\(B)-CrxB}
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where g' is a finite subset of g.

.4 bsc 0 = EgCcmbl 0(0GMeasure and 0 = mss 0 rim 0g).

For example, if 0 is Lebesgue measure and g is the family of open inter-

vals, then gGbsc 0.
Theorem 4.10 below was given by A. P. Morse in his 1946-1947 Lectures

on Real Variable at the University of California. We feel it is a convenient

and useful tool and since we are unaware of its appearance elsewhere we shall

sketch a proof.

As was indicated above, it is quite possible that

g G bsc *

and yet for the members of g to be so simple in structure that it is compara-

tively easy to acquire information about members of

Crct rim 0g.

This information may sometimes then be converted, by means of 4.10, into

interesting knowledge about members of Integrable 0. It is in this way that

we attack our general Fubini Theorem 5.3.

Fairly evident are

4.6 Theorems.

.1 If gGbsc 0 and S =rlm <p then

Crct S g C Integrable + <b.

.2 If gGbsc 0, S =rlm 0, r>0, /GSummabIe+0, then there is such a
member g of Crct S g that

f(x) g g(x) whenever x E S,

and

f g(x)<bdx £ f f(x)<pdx + r.

By considering positive and negative parts we readily obtain

4.7 Lemma. If gGbsc 0, S =rlm 0, r>0,/GSummable 0, then there are
such members g and h of Crct S g that

J    I fix) ~ g(x) + h(x) | <bdx g r

and

f {g(x) + h(x)}d>dx ^ f\ f(x) I Hx + r.
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4.8 Theorem. If gGbsc 0, S =rlm 0, 0<r< oo, /GSummable 0, then

there are such members g and h of Crct S g that

A\m<px{f(x) = g(x) -h(x)}

and

f {g(x) + k(x) }<pdx ^ f I f(x) I <pdx + r.

Proof. Let us agree herein that

n* = Em E u(m < n).

With the aid of 4.7, inductively define such a sequence 5 of members of

CrCt Sg and such a sequence T of members of Crct Sg that, for »G«,

t    f |/(«) - Zi e n*Sj(x) + Zi e n*Tj(x) - Sn(x) + Tn(x) | <pdx

<; r.2-(«+3)

and

f  {Sn(x)  +  Tn(x)}<bdx

.2

^ f |/(«) " Zi e n*Sj(x) + Zi G »*r,(«) | **r + r-2-<»+».

Now let g and h be such function on S that for xEjS

g(x) = Z n G &>S»(s)

and

*(*) = Z w G «7"B(x).

It is easily checked that

gGCrctSg,       AGCrctSg.

From .1 we see that if «Gw, then

f l/(«) - Zi e (» + i)*s,(*) + Zi e (« + i)*rK«) I ̂ *
.3 ^ r-2-(n+3>.

From .2 we learn that

f{So(x) + T0(x) }<bdx g J |/(») | <bdx + r/8,
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and from .2 and .3 we learn that if »Eu then

f {Sn+i(x) + Tn+i(x)}<t>dx ^ r-2-<»+» + r-2-<»+«

^ r-2_(n+2).

Thus

f{  g(x) +h(x)}<t>dx

=  Y » G ">   I    {Sn(x) + r„(i) }0rfx

=  f (So(x) + T0(x)}<bdx + Y n G a ( {Sn+i(x) + Tn+i(x)}<bdx

^ f | /(*) I 0<** + r/8 + Y n G or ■ 2-<"+2>

- f |/(x)|0rfx + r/8 + r/2

^ f \f(x)\<f>dx + r < oo .

Accordingly

Alm0x{|/(x)|   + \g(x)\  + \h(x)\   < oo }

and from .3 and Fatou's Lemma it now follows that

f \f(x)-g(x) + h(x)\Hx = 0.

Consequently

Alm0x{/(x) = g(x) - h(x)}.

4.9 Theorem. // gGbsc 0, S =rlm 0, /GIntegrable +0, then there are
such members g and h of Crct S % that

Alm0x{/(x) = g(x) - h(x)}

and

[ h(x)d>dx g 1.

Proof. In some way ascertain first, as can clearly be done, such a sequence
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S of members of Summable+0 that

/(*) = Z n G uS„(x) whenever x G S.

In accordance with 4.8 choose such a sequence p of members of Crct S g and

such a sequence q of members of Crct S g that, for »G«,

Aim <bx{Sn(x) = pn(x) — qn(x)}

and

J   {/>»(*) + qn(x)}<pdx g J  Sn(x)<pdx + 2-".

Thus if «Gw, then:

J pn(x)<bdx + J  qn(x)<bdx g J Sn(x)d>dx + 2—

= J Pn(x)<t>dx - J  qn(x)<pdx + 2"»;

2'J?»(^^2-;

.1 f qn(x)<t>dx g2-«»+«.

Now let g and A be such members of Crct S g that, for xES,

g(x) = Z n G cop„(*)

and

*(*) = Z w G «£„(*).

From .1 we see that

f A(x)*fc ̂ Z » G «2-<"+1> = 1.

Accordingly

Aim 0*{O ^ h(x) < oo

and

—   00   < g(X)  — k(x)   =   Z «  G Wpn(x)   —   Z » G «?n(*)

= Z » G «{*»(*) - ?.(*)} = Z » G «5«(«) = /(*)} •

Aided by 4.9, 4.2.1, 4.2.3, and 4.2.5 we arrive at
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4.10 Theorem. If QfGbsc 0, S =rlm 0, /GIntegrable 0, then there are such
members g and h of Crct S 3 that

Alm0x{/(x) = g(x) - h(x)}

and

I f(x)<bdx =  I g(x)<pdx — j h(x)<pdx.

5. General Fubini theory.
5.0 Definitions.

.1  Mspr pj'g = E0GMsr  ret   rim   p   rim   p[pGMeasure,   j>GMeasure,

SGbsc 0, and

j  I  Cr (x, y)Apdxvdy = <b(A) =11  Cr (x, y)Avdypdx

for each .4Gtj]-

In .1 above we made use of 4.5.

We shall now employ 2.3.2.

.2 mblrct pv = Ret mbl p mbl v.

.3 bscrct pv = Ret mbl' p mbl' v.

.4 nil pp = E5Crct rim p rim y[pG Measure, vG Measure,

I  j  Cr (x, y)Spdxvdy = 0 =   I  I  Cr (x, y)Svdypdx].

.5 bace pv = bscrct pjAJnil pp.

In connection with the preliminary basic estimate given in .6 below the

reader may prefer to notice 5.5.2 now instead of later.

.6 bs pv = the function g on bace pv such that

g(S) =  I  I  Cr (x, y)Spdxvdy

whenever 5 G bace pv.

.7 mspr pv = mss (bs pv) (ret rim p rim v)(bace pv).

.8 Fubini   jw = E0GMsr   ret   rim  p   rim  p[pG Measure,   i»G Measure,

bscrct p^Cmbl' 0,

I   I /(*. y)pdxvdy = j  /(z)0dz =11 /(*, y)vdypdx

whenever /G Integrable 0 ].

Theorems 5.1-5.3 below were given by A. P. Morse in his 1949-1950 Lec-

tures on Real Variables at the University of California.
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5.1 Theorem. 7/0GMspr ppg, S =rlm 0 andfECrct S g then

J J /(*> y)pdxvdy = J f(z)<pdz = J J /(*, y)vdypdx.

Hint. After recalling 4.5.3 choose such a X from the 4.5.1 family cps g

and such a countable subfamily ® of g that/(z) = Z/3G®{X(j8) Cr z0} for

each zGS • Now use 5.0.1, 4.5.4, the fact that ® C gCcmbl 0, 4.4, and integra-

tion by summation.

5.2 Theorem. 7/0GMspr p.v% and Aim <pz{f(z) =g(z)} then

I I f(x, y)pdxvdy = j J  g(x, y)pdxvdy

and

I  I /(*. y)vdypdx = j j g(x, y)vdypdx.

Proof. Let S =rlm 0, A=EzES[f(z) 7*g(z)]. In accordance with 4.6

choose a sequence h of members of Crct S g so that for each n Gw

Cr zA ^ hn(z) for each z G S

and

.1 f hn(z)4>dz ̂ 2~n.

Let h' be such a function on S that

h'(z) = lim inf hn(z)
n

whenever zGS.

Using .1, 5.1 and Fatou's lemma we see

0 = liminf   I  h„(z)<bdz

= liminf   I   I  h„(x, y)pdxvdy

^   I liminf   I   /(„(«, y)pdxvdy

^11  A'(oj, y)pdxvdy

^ 0.
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Moreover, if xGrlm p and yGrlm v then Cr(x, y)A ^h'(x, y). Thus

Almj'jif   I   h'(x, y)pdx = 0 J,

Aim vy Aim px(h'(x, y) =0),

Aim vy Aim jux(Cr (x, y)A = 0),

Aim vy Aim px(f(x, y) = g(x, y)),

Almvyi j f(x,y)pdx= J g(x, y)pdxj,

I   I f(x, y)pdxvdy =   I   I g(x, y)pdxvdy.

Similarly Jff(x, y)vdypdx=ffg(x, y)vdypdx.

5.3 Theorem. J/0GMspr ppg awrf/G Integrable 0 then

ll   f(x, y)pdxvdy = j   f(z)<pdz = j j   I(x, y)vdypdx.

Proof. Let S =rlm 0 and use 4.10 to secure such members g and h of

Crct S g that

Aim <bz(f(z) = g(z) - h(z))

and

I f(z)<bdz =  I g(z)4>dz —  I h(z)<pdz.

Thus with the help of 5.1, 4.6.1, 5.2 and the fact that/GIntegrable 0 we infer

j f(z)d)dz =  f  g(z)<j>dz —  I  h(z)4>dz

=  \  \  g(x> y)pdxvdy —  I   I  A(x, y)pdxvdy

=   I       I  g(x' y)pdx —  I  h(x, y)pdx   vdy

= J J   ̂ *' ̂ ~~ ^*' ^ ̂^"^

=   11 /(*. y)pdxvdy.
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Similarly

I  f(z)<pdz =   I   I  /(*, y)vdypdx

and the desired conclusion is at hand.

5.4 Remark. We feel that 5.3 is not only of interest in itself but also of

real use in checking various Fubini Theorems. In the present paper we shall

use 5.3 four times. We apply it first in the proof of the pivotal 5.11 and later

in the proofs of 7.11, 7.12 and 7.13.

5.5 Theorems.

.1 If A Emb\ p., BEmhiv, S = ret AB,

r =  I   I Cr (x, y)Spdxvdy, s =  I   I  Cr (x, y)Svdyndx,

and either

r < oo ,    or   p(A)-v(B) < oo ,    or    s < oo,

then

r = p(A)-v(B) = s.

.2 If 5Gbace pv then

0 ^  I   I  Cr (x, y)S\xdxvdy =11  Cr (x, y)Svdypdx < oo.

.3 If SGbace pv and g = bs pv then

0 ^ g(S) =  I  I  Cr (*, y)Spdxvdy < oo.

.4 If pEMeasure and vEMeasure then

mspr pv E Msr ret rim p rim v.

.5 If A Embl' p, jBGmbl' v, g = hs pv then

g(vctAB) = p(A)v(B).

.6 If aC0Eni\ pv and g = bs pv then

a E nil nv    and    g(a) = 0.

.7 If 5Gmblrct pv and 0Ehace pv then 0SEhace pv.

5.6 Theorem, mblrct pvCmhi mspr pv.

Proof. We assume
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0 = mspr pv,       S = rim <b,        S G mblrct pv,

and complete the proof by showing

S G mbl 0.

Suppose that

A G mbl p,       BE mbl v,

S = ret AB,       X = rim p,        T = rim v,

S' = ret (X ~ A)B,       S" = ret X(T ~ 5),

and that

g = bs //v.

Noting thatS =5U5'U5" and hence that

.1 S~SCS'VS"
we divide the remainder of the proof into three parts.

Part I. If BE bscrct pv then

g(8) = g(8S) + g(BS') + g(8S").

Proof. Suppose

a G mbl' p,       b G mbl' v,

8 = ret ab.

Clearly,

8S = ret (aA)(bB), BS' = ret (a ~ 4)(65),

p\S" = ret a(6 ~ 5).

Thus, in the light of 5.5.5,

g(8S) + g(BS') + g(8S")  = p(aA) ■ v(bB) + p(a ~ A) ■ v(bB) + p(a) ■ v(b ~ 5)

= p(a) ■ v(bB) +p(a)-v(b ~ 5)

= p(a)-v(b)=g(8).

Part II. 7//3Gbace pv then

g(8) = g(8S) + g(8S') + g(8S").

Proof. If /SGbscrct pv then the desired conclusion is a consequence of

Part I. If j3Gnil pv then it is a consequence of 5.5.6.

Part III. SGmbl 0.
Proof. Suppose r >0 and <p(T)< oo. Choose such a countable subfamily g

of bace pv that
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TCo-%    and    Z 0 G $g(P) ^ 0(7) + r.

Using .1, 5.5.7, and Part II we infer

0(7) =g 0(75) +<p(T~S)

g 4>(TS) + 0(75') + 0(75")

^ Z /3 G g0(05) + Z 0 G g0(05') + Z P G g0(/?5")

=S Z 0 G gg(05) + Z 0 G g*(05') + Z P G gg(/35")

= Z 0 G g{g(/35) + g(0S') + g(/35")}

= Z0CMP) ^<t>(T) + r.

The arbitrary nature of r assures us

0(7) = 0(75) +0(7-5).

5.7 Lemma. 7/0 = mspr pv and AGnil pv then 0(A) =0.

5.8 Theorem. bace/wCmbl mspr pv.

5.9 Theorem. If 5Gbace pv, 0 = mspr pv and g = hs pv then

0(5) = g(S) < oo .

Proof. From 5.5.3 we know g(S) < oo.

Since 0(5) ^g(S) the desired conclusion now follows from the

Statement. If r>0, then g(S)^<p(S)+r.

Proof. Choose such a countable subfamily g of bace pv that 5C<rg and

Z0Ggg(/3) ^<p(S)+r. Observe that, for each z,

0 ^ Cr zS ^ £ 0 E g Cr z0

and hence that

0(5) + r ̂  Z 0 G g g(0) = Z 0 G g f f Cr (*, y)0pdxvdy

= JZ 0 G g J Cr (*, y)0ndxvdy

= J/Z 0 G g Cr (*, y)0pdxvdy

^  I  I Cr (x, y)Sndxvdy

= g(S).

5.10 Theorems.

.1 7/pG Measure, vG Measure,
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0 = mspr pv,        % = bace pv,

then

g C mbl' 0    and   gG bsc 0.

Proof. Use 5.8, 5.9, 5.0.7 and 4.5.4.

.2 If S G bace pv and 0 = mspr pv then

j I Cr (x, y)Spdxvdy = 0(5) =    1  J  Cr (x, y)Svdypdx.

Proof. Use 5.9, 5.5.3, and 5.5.2.

.3 If pE Measure, vE Measure, 0 = mspr pv, and 5= bace pv, then

0 G Mspr pv$.

Proof. Use .1, .2, and 5.5.4.

5.11 Theorem. If pEMeasure, vEMeasure, 0 = mspr pv then:

.1 mblrctjwCmbl0;

.2 if NEnil pv then <p(N) =0;

.3 0GFubini pv.

Proof. Use 5.6, 5.7, 5.10.3, 5.3 and the fact that 5.10.1 assures us

bscrct pv C mbl' 0.

5.12 Remark. If pE Measure, vE Measure,

0 = mspr pv,

and

0 = mss (bs pv) (ret rim p rim v) (bscrct pv)

then 0 is the classical product measure and the distinction between it and

0 is, in essence, that

0 G Mspr pv bscrct pv,

0 G Mspr pv bace pv,

bace pv = bscrct pv \J nil /up,

mbl 0 C mbl 0.

It is just this difference which makes 0 so much more valuable than \f/

when topological considerations are involved.

We now examine some other aspects of our product measure.

5.13 Theorem. If AEmhl p, 5Gmbl v, and 0 = mspr pv, then
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<t>(rctAB) = n(A)-v(B).

Proof. Let 5 = ret AB and infer the desired conclusion from Parts I and

II below.
Part I. 7/0(5)<oo then

0(5) = n(A)v(B).

Proof. Use 5.11 and 5.5.1.
Part II. If p(A)v(B)< oo then

0(5) =p(A)-v(B).

Proof. If p(A) -v(B) =0 then, because of 5.5.1,

5 G nil hv E bace pv.

On the other hand if 0 <p(A)-v(B) < oo then

5 G bscrct /xv C bace uv.

Consequently 5Gbace pv, and from 5.10.2 and 5.5.1, it now follows that

<p(S)=p(A)-v(B).

5.14 Theorem. 7/pGMeasure, vGMeasure, 0 = mspr pv, <p(T) < oo, and

r>0 then there is such a countable subfamily g of bscrct pv and such a member

T' of bscrct pv that:
.1 0(7~<rg)=O;  ZSGg0(5)g0(r)+r;
.2 <p(T~T')£r.

5.15 Theorem. If A Embl p and 2$Gmbl v then

set (mspr ^j<)(rct AB) = mspr (set /i.4)(sct vB).

By following an alternative course indicated in the proof of 7.5 it is quite

feasible to avoid all use of 5.16 and 5.17.
5.16 Definition, inv A = Ez [z is of the form (y, x) where (x, y)GA].

5.17 Theorem. If pEMeasure, vEMeasure, 0 = mspr pv, 0' = mspr vp,

then

dmn 0' = inv dmn 0

and

0'(inv 0) = <j>(0) whenever 0 E dmn 0.

6. Topological measures.

6.0 Definitions.
.1 topology = EX [X is such a family of sets that:

o-g G X whenever g C X;

aC\0 EX        whenever a EX and 0 E X].



1955] PRODUCT MEASURES 195

If, for example, X is the family of all open subsets of a metric space, then

SGtopology.
.2 X topologizes S if and only if JGtopology and S = aX.
.3 Closed £ = EC[£Gtopology and C = oX~A ior some AEX].
.4 Compact X = EC[XEtopology and corresponding to each subfamily

J5 of X for which CQ<r% there exists a finite subfamily § of % such that

co$].
We now use 2.1.4.

.5 Closure XA =irEB(ACBEClosed X).

.6 regulartopology = EIGtopology [corresponding to each A EX and

each xEA there is a BEX such that xEB and Closure XBEA ].
.7 Lindeloftopology = EXEtopology [corresponding to each %QX ior

which a%=aX there is such a countable subfamily ® of g that a®=aX].

6.1 Definition, sp' 04=E5Crlm 0[0(4~5) =0].
In connection with 6.2.3-6.2.5 below we suggest that the symbols

'Oh', 'Bh\ 'Ck'

be respectively read as one would

'Openhuir,        'Borelhull',        'Closedkernel'.

Before pursuing 6.2 and 6.3 the reader may wish to recall Definitions 3.3,

3.5, and 3.6.
6.2 Definitions.

.1 Core £ = Mass Closed X.

.2 Oh' 2>E0GMsr aX [SGtopology and for each AC<rX

4>(A) =infaGJH sp' 040(a)].

.3 Oh S£ = E0GMsr aX [£Gtopology and for each AQaX

0(4) = inf a G 5CH sp 40(a)].

A Bh X = Hull Borel X.
.5 Ck £ = E0GMsr aX [SGtopology and for each AEX

0(4) = sup 8 E Closed X (~\ dmn' 0 H sb 40(0)].

From 3.7.1, 3.15, and 3.16 we infer at once the

6.3 Theorems.

.1 If JGTopology then

Borel X = Borel Closed X C Bore Closed X.

.2 7/0GCore X then

Bore Xl^dmn' 0Cprxn Closed X.

.3 7/0GCore JHHull Bore Closed X then
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mbl' 0Cprxn 0 Closed X.

6.4 Definitions.

.1 Lind £ = E0GMsr aX [JGtopology, corresponding to each 0Gsms 0

and each gC£ for which a%=aX there is a countable subfamily ® of g for

which

iP(<rX ~ <r®) = 0].

.2 Clin X = Core jnLind X.

.3 Radonmeasure £ = E0GClin J.OOh £PiCk£

[iGlocallycompactregulartopology and

Compact X C dmn' 0].

In connection with 6.4.1 we give 6.5 below.

6.5 Theorems.

.1 If X E topology, 0GMsr aX, and corresponding to each % EX for which

a\^=aX there is a countable subfamily ® of g for which

<b(o-X ~ <r®) = 0

then

0 G Lind X.

.2 If JGLindeloftopology then

Lind X = Msr aX.

In connection with 6.4.3 one can see that

0 G Radonmeasure X

if and only if:

X E locallycompactregulartopology;

0 G Oh X;       XC mbl 0;

Compact X C dmn' 0;

for each A EX

<b(A) = sup 0 E Compact X H sb A<p(0).

6.6 Remark. The topological measures of particular interest to us in the

sequel are

Clin X, Ck X Clin X,

Bh X Clin X,       Oh X Clin X,

Oh X Ck £ Clin X.
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Of these Clin X is very general. If X is the Euclidean topology for the plane

then: every Hausdorff dimensional measure belongs to Bh X Clin X; in

particular if 0 is Caratheodory linear measure then

0 G Bh X Clin X,        X cmbl 0 = sng 0,

and hence 0 does not belong to

Oh X Clin X.

Still more special than

Oh X Ck X Clin X

is

Radonmeasure X.

From different points of view this last class has received much attention.

From our point of view one interesting aspect of it is given without proof in

6.7 Remark. Suppose

X E locallycompactregulartopology

and suppose £ is the set of all those continuous functions which are on aX

to the real finite numbers, and which vanish outside of some member of

Compact X.

Next suppose u is such a linear functional on £ that u(f) =0 whenever/

is such a member of £ that/(x) =0 whenever xG<r37.

For each jSGCompact 37 let \[/(8) =the infimum of numbers of the form

u(f) where/ is such a member of £ that

Cr xB ^ f(x) whenever x G <r37.

Now let 0 be such a function on sb aX that for A C<r37

0(4) = inf a E X r\ sp 4 sup 0 G Compact X f\ sb cop(8).

Either directly or in keeping with pp. 231-249, Paul R. Halmos, Measure

theory, New York, 1950, it can be checked that:

0 G Radonmeasure 37;

**(/) =   I f(x)<f>dx whenever/G£;

if 0'G Radonmeasure 37 and

**(/) =    I f(x)<b'dx whenever/G£
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then

0'   =   0.

In Theorem 6.8 below we study the reaction of 0 to the taming process

6.8.5.

6.8 Theorem. If
.1 0GMsro-2:,
.2 §CsbaX,
.3 a&Efe whenever $£ is a countable subfamily of §,

.4 0C\aE!Q whenever 0EX and aE§,

.5 0 = mss 0<rX!&,
then:

.6 0GMsr<rSC;

.7 ifAC<rXthen<f>(A)^ip(A);

.8 if A E§ then 0(4) =0(4);

.9 if A C<rX then 0(4) =inf aG^sp .40(a);

.10 t/0GCore X, AEBore Closed X and TE§ dmn' 0, then

+(TA) = 0(74);

.11 */0GCore X then 0GCore X;

.12 t/0GClin X then ipEClin X;

.13 if§ = Xand 0GOh' £HCk X then ipEOh XC\Ck X.

Proof. Let S =<rX. That

0GMsrS

is a consequence of 3.2. Evidently, also

(1) iP(A) = inf a G © H sp A<p(a)

for each A CS.
Proof .7. Using (1)

ip(A) = iniaE$C\9p Ad>(a) ^ 0(4).

Proof .8. Using (1) and .7

ip(A) = inf a G ^ H sp A<p(a)

g 4(A) £ iP(A).

Hence 0(4) =0(4).
Proof .9. Using (1) and .8

0(4) = inf a E & C\ sp A<f>(a)

= inf a G § ^ sp 40(a).

Proof .10. Let r>0, 5 = set <(>T. Thus
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«(S) = <t>(T) ̂ 0(T) < oo

and by 3.5.3

6 G Core 37.

Now we use 6.3.2 and the fact that

S ~ 4 G Bore Closed 37

to secure such a member C of Closed 37 that CCS ~A and

0(S ~ A ~ C) ^ r,

and let

a = S ~ C.

Thus4CaG37, TACTaE§,

f(TA) = inf 8 G © r\ sp (TA)d>(8)

^ +(Ta)

^ 0(r4) + 0(7a ~ 4)

= 0(T4) + 0(a~4)

= 0(T4) + 8(S ~ C ~ 4)

g 0(T4) + r.

Because of this and .7,

0(7\4) S 0(r4) g 0(T4) + r.    '

Proof .11. Let4G37, 0(r)<oo,r>O.
The desired conclusion will be at hand after we have verified that:

0(D + r £: 0(T4) + 0(r ~ A);

ior some CGClosed S^sb A

set 0T(4 ~C)^f.

Use (1) to secure such a member T' of § that TET' and

0(T') g 0(T) + r.

Using the fact that A Gmbl 0 and .10 we infer

0(T) + r ^ 0(T')

= 0(r'4) + 0(r ~ 4)

= 0(T'4) + 0(r ~ 4)

^0(T4) +*(T~A).
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Now use the fact that 0GCore X to secure such a member C of Closed X

that CC4 and

set 07'(4 ~C) ^ r;

and, because of .10, conclude

set 07(4 ~ C) g set 07'(4 ~ C)

= <P[T'(A~C)]:

= 0[r(4~c)]

= set 07'(4 ~ C)

g r.

Proof .12. Suppose 0(7") < oo, gC£, S =<rg. Use (1) to so choose T'E$

that TET' and <p(T') < oo. Next use the fact that 0GLind X to choose such

a countable subfamily ® of g that

set 07'(S ~ cr®) = 0.

Thus, because of .10

set 07(S ~ <r®) g set 07'(S ~ <r®)

= 0[7'(S~<r®)]

= 0[7'(S ~<r®)]

= set 07'(S ~ a®)

= 0.

Consequently 0GLind X.
From this and .11 it follows that

0 G Clin X.

Proof .13. Suppose 4 G J, r<0(4).
Use the fact that 0GCk X to secure such a member C of Closed X that

C C 4    and   r < 0(C) < oo.

Use the fact that 0GOh' X to obtain such a member a of 2;P\sp' 0C that

0(a) ^ 0(C) + 1.

Observe that <p(aA) ̂ <f>(C)>r.
Now use the fact that 0GCk X to secure such a member C of Closed X

that C'C«4 and

0(C) > r.

Thus C'C4 and
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r < 0(C) g 0(C) < 0(a)

g 0(C) + 1 <   oo.

Consequently 0GCk 37.
Furthermore, by .9, for each DES we have

i(D) = inf a G § r\ sp Z?0(a)

= inf a G 37Hsp £>0(a).

and thus

0 G Oh 37.

Locally null sets are now examined briefly.

6.9 Definition, null 3704 =E/3 [Corresponding to each xEB there is an

«G37 such that xG« and <p(aA) =0].

In 6.10 we see that null 3704 is hereditary.

6.10 Theorem. J/5'C5Gnull 3704 then 5'Gnull 3704.

6.11 Theorem. 7/0GLind 37 and

C E Closed 37 C\ dmn' 0 (~\ null 3704

then

<t>(AC) = 0.

Proof. LetS =<rX,

0 = set 4>(AC),        % = Ea G 37[0(a) = 0]

and note that 0Gsms 0.

We use the fact that

C G Closed 37 C\ null 3704

to check that oft =S and then the fact that 0GLind 37 to secure such a count-

able subfamily ® of g that 0(S ~<r@) =0. Accordingly 0(cr@) =0 and

4>(AC) = 0(5) ^ 0(<r@) + 0(S ~ <r@) = 0 + 0 = 0.

6.12 Theorem. 7/0GClin X and

DEXC\ dmn' 0H null Xd>A

then

4>(AD) = 0.

Proof. Use the facts that 0GCore 37 and <p(D) < oo to secure such a se-

quence c that

cn E Closed 37,       cn C D,



202 W. W. BLEDSOE AND A. P. MORSE [May

0(Z? ~ Cn)  ^  2~»,

for each «Gw.

Applying 6.10 and 6.11 we have for each «Gw,

<p(AD) £4>(Acn) +<t>(D~cn)

£ 0 + 2-".

Thus 0(47?) =0.
We close this section with a short account of what does happen to Core X

and what might happen to Clin X in the event JGmetrictopology.

6.13 Definition. Md p = E0[p is a metric, 0GMsr a open p,

0(4 \JB)= 0(4) + <p(B)

whenever

distance pAB > 0].

6.14 Theorem. If pis a metric and X = open p then

Md p = Core X.

6.15 Theorem. 7/p is a separable metric and X = open p /Aew

Md P = Clin J.

6.16 Remark. Suppose p is a metric, £ = open p, S =aX, and 0GMsr S-

It is easy to verify that

0 G Lind X

if and only if:

...    for each 0Gsms 0, there exists NCS such that S^A is separable p

UJ    and 0(A) =0.

Marczewski and Sikorski have shown(2) that if IGmbl 0 and if the

separability character(') of p has measure zero(2) then the condition (1) holds.

S. Ulam has shown (4) that every cardinal number less than the first

weakly inaccessible cardinal(6) has measure zero(2).

Thus we have the following theorem.

6.17 Theorem. If pis a metric, £ = open p, and the separability character (3)

of p is less than the first weakly inaccessible cardinal^), then

(*) Marczewski and Sikorski, Measures in non-separable metric spaces, Colloquium Math,

vol. 1 (1948) pp. 133-139.
(') The smallest cardinal of the form, The power of A, where closure pA =S •

(*) S. Ulam, Zur Masstheorie in der allgemeinen Mengenlehre, Fund. Math. vol. 16 (1930)

pp. 140-150.
(5) See. A. Tarski, ttber unerreichbare Kardinalzahlen, Fund. Math. vol. 30 (1938) pp. 68-

69.
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Md p - Clin 37.

The separability character of p is, of course, not larger than the power of

aX.
7. Topological Fubini theory. We use 2.3.2 in 7.0.
7.0 Definition. aflD9?=The topological product of SO? and 9?

= Ea(a = <rg for some g C Ret Wfl).

It is well known and easy to see that if SftGtopology and iJlGtopology

then a»D9cGtopology and

<r(2tt □ 91) - ret m<rW.

Theorem 7.7 below and 5.11 above allow wide latitude in interchanging

order of integration. In other situations, however, one might prefer a product

measure which more faithfully reflects the properties of the topological meas-

ures given in advance.

This leads us to 7.1.

7.1 Definitions.

.1 mspro 2R9V = mss mspr pw(2RD9,c)(2«n9c).

.2 msprb 9Mtpi> = mss mspr pvo-(mQ'Sc) Borel (9flD9c).
In 7.2 below we have vertical and horizontal slices in mind. We ourselves

shall not use 7.2.2 but the reader may wish to if he chooses to pursue the

alternative course indicated in the proof of 7.5.

7.2 Definitions.
.1 vs5x = Ey[(x, y)ES].
.2 hsSy = Ex[(x,y)ES].
7.3 Definition. cbl = the family of all countable sets.

7.4 Lemma. 7/pGCk 9fl Clin 9Jc, ?GCk 9i Clin % <p = msprpv, gCRct
MM, S=ff$, and

sup § G cbl n sb g0(<7§) = b <   oo

then

I  I  Cr (x, y)Svdypdx = b.

Proof. So choose

® G cbl C\ sb %

that

0((T®) = b,

let
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T  =   (T®,

and divide the remainder of the proof into 5 parts.

Part I. b=fv(vs Tx)pdx.
Proof. Use 5.11.
Part II. 7/0<r<oo,

4 = Ez[j<(vs Tx) < r < v(vs Sx)],

A' = Ex[r < v(vsSx)]

then

A' EM r\ null Tip A.

Proof. Let tEA'. Since r<v(vs St), vs StEW, vECk 31 we can and do
choose such a member C" of Closed 91 that

C" C vs St,       r < v(C") < oo .

Let

gi = E0 G g(* G dmn 0),

check that

C" C rng crgn

and use the fact that j>GLind 9J to secure such a countable subfamily ®i of

githat

v(C" ~ rng <r®i) = 0.

Now use the fact that 9tCmbl v and the now evident fact that

y(rng a®i) ^ v(C") > r

to secure such a finite subfamily §i of ®i that

(1) r < y(rng a&x).

Let

7 = ret (fl 0 E $i dmn /3)(U 0 E ^i rng 0),

a = dmn y.

Note that

(EaEWl

and complete the proof in Step 4 below by verifying that

n(aA) =0    and    aC A'.

Step 1. 7C<r§i.
Proof.
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7 = U fi E §i ret (fl fi E §i dmn fi) rng fi

C U fi E €»i ret dmn fi rng /3

= U^G&(3 = <t£i.

Step 2. p(rng 7) >r.

Proof. Because of (1) and the (2) fact that rng 7 = rng alQi

"(mg y) = v(rng °-£0 > r.

Step3. 0(7~r)=O.
Proof. Let ®' = ®U§i. Thus

®' G cbl n sb g,

and, in the light of Step 1,

b = sup £ G cbl n sb g0(<r§)

= 0(<r®')

= 0(7) + 0(<r®' ~ T)

= <j>(T) + 4,(0-^1 ~ T)

^ 0(7") + 0(7 ~ 7)

= & + 0(7 ~ T),

0 g 0(7 ~ T) g i - 6 = 0.

Step 4. p(a4) =0 and aC4'.

Proof. For each xG« we infer from Steps 1 and 2 that

r < v(mg 7) = i»(vs yx) ^ v(vs Sx)

and hence that xEA'. Accordingly «C4'.

Since by Step 3

I  v(vs (7 ~ T)x)pdx = 0(7 ~ T) = 0

it follows that

p(Ex E a[v(vs (7 ~ T)x) > 0}) = 0.

But, because of Step 2,

aA = Ex G a[v(vs 7x) < r]

C Ex G a [v(vs Tx) < v(rng 7) ]

= Ex G a[v(vs Tx) < v(vs yx)]

C Ex G a[p(vs (7 ~ T)x) > 0].

Consequently
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p(aA) = 0.

Part III. 7/0<r<oo,

4 = E*[n(vs Tx) < r < v(vs Sx)]

then

P(A) = 0.

Proof. Let

4' = Ex[r < v(vsSx)].

We know from Part II that

A CA' E WIC\ null WpA.

Now if

C E Closed 9fl Pi dmn' p C\ sb 4'

then: because of 6.10 and 6.11

P(AC) = 0;

hence

Aim px{v(vs Tx) ^ r- Cr xC];

because of this and Part I

oo > b =  j »»(vs Tx)pdx

^ r •  I  Cr xCpdx = r/i(C);

m(C) gl/r< oo .

Consequently, since pGCk 9JJ,

M(4') ^ J/f <  oo

and 6.12 assures us

M(4) = M(44') = 0.

Part IV. Aim px{v(vs Tx) =v(vs Sx)}.

Proof. Let R' be the positive rational numbers. Clearly

rimp C\ E^[i/(vs Tx) ^ »<(vs Sx)]

= U r G R'Ex[v(vs Tx) < r < v(vs Sx)]

and the desired conclusion now follows from Part III.
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Part V. //Cr (x, y)Svdypdx = b.
Proof. From Part IV, Part I, and the fact that for each x

vs Sx E 91 C mbl v

we infer

<x> > b =   I v(vs Sx)pdx

=    I   j   Cr (x, y)Svdypdx.

7.5 Lemma. If pECk 9JI Clin 9Jc, >-GCk 9c Clin 9c, 0 = msprpK, 37 = 9JcD9c,
r$CRctSJc9c, 5=<rg, a«d

sup 0 G Closed 37 C\ dmn' 0 P\ sb 50(/3) = a < oo

2fo«:
.1 *(5)=a;
.2 5Gmbl'0;
.3 there is such a countable subfamily ® of % that

0(5 ~ <r@) = 0.

Proof. Let

b = sup § G cbl r\ sb 50(^).

so choose

® G cbl sb g

that

6 =  0(<T®).

We divide the remainder of the proof into 6 steps. The first of these is

easily checked with the aid of 5.13, and the second is an immediate con-

sequence of 7.4. In connection with Step 3 the reader may prefer to convince

himself that an alternate proof can be given, without the use of 5.16 and 5.17,

by making the obvious changes in the proof of 7.4. Conclusions .3, .2, .1 fol-

low respectively from Steps 4, 5, and 6.

Step 1. 0(<r@) =b^a< oo and o-®Gmbr 0.

Step 2. //Cr (x, y)Svdypdx = b.
Step 3. //Cr (x, y)Spdxvdy = b.
Proof. Let

p' = v,       v' = p,       50c' = 9c,       9c' = 9Jc,

0' = mspr vp,
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g' = U 0 E g sng inv 0,

5' = <rg'.

Clearly,

g' C Ret WW.

Furthermore, if $Cg then

<r(U 0 E $ sng inv 0) = U 0 E ®<r sng inv 0

= U 0 E $ inv 0 = inv U 0 E 20 = inv <r$.

Accordingly

.4 o-(U|SG$ sng inv 0) =inv a® whenever $Cg

and in particular

.5 5'=o-g' = inv eg = inv 5.

Thus because of .4 and 5.17

sup §' G cbl Pi sb g'0'((r£') = sup § G cbl P sb g 0'(<rU 0 E § sng inv 0)

= sup § G cbl P sb g0'(inv <rfj)

= sup § G cbl P sb g0(o-§) = b.

In view of this, .5, Step 1, and 7.4 we conclude

b =   f f Cr (x, y)S'v'dyn'dx

=   I   I   Cr (y, x)Sfidyvdx

=   11   Cr (x, y)Sfidxvdy.

Step 4. 0(5~<r®)=O.
Proof. Let 7=<r®, and R = S~T.

From Steps 2 and 3 we know

.6 I  Cr (x, y)Spdxvdy = b =  I   I  Cr (#, y)Svdyudx.

On the other hand from Step 1 and 5.11 we learn

.7 j   I   Ct (x, y)T(idxvdy = b =   I   I   Cr (#, y)Tvdyy.dx.

Now since, for each z,

Cr z£ = Cr z5 - Cr z7,
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we infer from .6, .7 and Step 1 that

j   I   Cr(x, y)Rpdxvdy = 0 =   I   j   Cr (x, y)Rvdypdx.

Thus i?Gnil pv, and because of 5.11 4>(R) =0.

Step 5. 5Gmbl' 0 and 0(5) =6.
Proof. Use Steps 1 and 4.

Step 6. 0(5) =a.
Proof. With the help of Steps 1 and 5 conclude

0(5) = b £ a ^ 0(5).

7.6 Lemma. 7/pEClin TI, vGClin 9c,

p(<rTt) + v(a3l) < oo ,

then

mspr Mv G Clin (9Jc D 9c).

Proof. Since p(<rTl) < oo and v(aW) < oo it follows that pGCk 9Jc Clin TI,

j'GCk 9c Clin 9c. Let 37 = 9KD9c, 0 = mspr pv and complete the proof in five

parts.

Part I. 37Cmbl 0.
Proof. Apply 7.5.2.
Part II. If SEX then 0(5) =sup )3GClosed 37Hsb 50(/3).
Proof. Apply 7.5.1.
Part III. 0GCore 37.
Proof. Let g' = Closed 37 and, from Part I and Part II and the fact that

0(cr37) < oo, infer g'Cmbl 0 and cmpl %' = 37Cprxn 0g'. Now apply 3.5.4 to

learn that

0 G Mass g' = Core 37.

Part IV. 0GLind 37.
Proof. Apply 7.5.3 and 6.5.1.
Part V. 0GClin 37.
Proof. Apply Parts III and IV.

7.7 Theorem. 7/pGClin TI, j-GClin 9c, then

mspr pv E Clin (TI □ 91).

Proof. Let 37 = 9JJn9c, 0 = mspr pv, S =<rX.,
The desired conclusion may be established by noticing that if we view

Parts I, II, III below, in the light of assumption (1), then:

37 C mbl 0;

for each 7J>G37 and each TGdmn' 0,
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inf C E Closed X P sb D set 07(7? ~ C) = 0;

0 G Lind X.

Assume

(1) 0(7) < oo ,       r > 0,       DGJ,       g C I,       S = <rg.

Use 5.14.2 to secure such a member T7 of bscrct pv that

(2) 0(7 ~ 7') ^ r/2.

Let 0 = sct 07' and so choose 4Gmbl'p and 5GmblV that 7"'=rct AB. By
5.15

(3) 0 = mspr (set pA)(sct vB).

Also

set uA E Clin 9ft,       set vB E Clin 9t,

set /ti4(*2«) + set vB(o-yi) < oo,

and hence by 7.6 and (3)

(4) 0 G Clin £.

Part I. 0(7")+r ^0(77?)+0(r~D).
Proof. Using (2) and (4),

0(77>) + 0(7 ~ D) ^ 4>(T'TD) + 0(7'7 ~ 7>) + 0(7 ~ 7') + 0(7 ~ 7')

g 4>(T'TD) + 0(7'7 ~ 7>) + r

= 0(77>) + 0(7 ~ D) + r

= 0(7) + r

= 0(7'7) + r

£ 0(7) + r.

Part II. There exists CEClosed X such that

C ED   and   set 07(7> ~ C) £ r.

Proof. Use (4) to secure CGClosed X for which CC-D and 0(7>~C) <r/2.
Thus by (2),

set 07(7) ~ C) = 0(77) ~ C)

£ <b(T'D ~ C) + 0(7 ~ 7')

= 0(7) ~ C) + 0(7 ~ 7')

g r/2 + r/2

= r.

Part III. There exists such a countable subfamily ® of g <fta<
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set 07"(S ~ <r®) gf.

Proof. Use (4) to secure such a countable subfamily ® of % that

0(S ~ <r®) = 0.

Thus

set 07(S ~ <r®) = 0(7 ~ (7®)

g 0(7' ~ <r®) + 0(7 ~ 7')

= 0(S ~ <r®) + 0(7 ~ 7')

^ 0 + r/2

^ r.

To point out the utility of 7.7 we should like to formulate in 7.9 two im-

mediate special consequences of it and 5.11.

7.8 Definition. Borelian 37 = E/[37Gtopology, / is such a function on

aX to the reals that

Ex [/CO ̂  X] G Borel 37

whenever — oo ̂ X^ oo ].

7.9 Theorems.

.1 7/pGClin9Jc, xGClin9c,

p(aTt) + v(<r3l) < oo ,

/G Borelian (TI □ 9c),

/CO ^ 0 whenever z E c(Tl D 9c),

then

j j f(x, y)pdxvdy =  11 f(x, y)vdypdx.

.2 7/pGClin TI, ^GClin 9c, 0 = mspr pv,

/G Borelian (9JcD 9c),

f{z) ^ 0 whenever z E <r(Tl D 9c),

Ez[f(z) > 0] G cmbl0,

then

j I /(*. y)pdxvdy =11 f(x, y)vdypdx.

7.10 Theorem. If pECk TI Clin TI, vECk 91 Clin 9c, 37 = 9JcD9c ̂e«
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mspr pv E Ck X Clin X.

Proof. It follows from 7.7 that

mspr pv E Clin X

and it follows from 7.5.1 that

mspr pv E Ck X.

7.11 Lemma.  If pGBh  TI  Core  TI,  J-GBh  9i  Core  9L   £ = 9J?D9L
0GMspr pv%, £Cmbl 0, 5Gbscrct pv, SES"E%, then

5 G mbl' 0.

Proof. First choose aGmbl' p and &Gmbl' ^ so that

5 = ret ab

and then either directly or with the help of 6.3.3 secure a', a", b', b", so that

a' E Borel TI,        a" E Borel TI,        a' C a C a",

p(a') = p(a) = p(a"),

b' E Borel 9L        b" E Borel 9L        b' C b C b",

v(b') = v(b) = v(b").

Now

ret a'b' E Borel J C mbl 0,

ret a"6" G Borel X C mbl 0,

ret a'b' G 5 C 5" ret o"&" G 5" G cmbl 0.

Consequently, in View of 5.5.1 and 5.3 we have

p(a') ■ v(b') =   I   I   Cr (x, y) ret a'b'pdxvdy

= 0(rct <*'&') ̂ 0(5) ^ 0(5" ret a"6")

=  f f Cr (z, y)(S" ret a"6")/x^^y

^  f f Cr (*, y) ret a"b"pdxvdy = p(a") ■ v(b")

= p(a')-v(b') < oo.

Thus

0(5 ~ ret a'b') ^ 0(5" ret a"6" ~ ret a'6')

= 0(5" ret a"b") - 0(rct a'6') = 0
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and

5 = ret a'b' U 5 ~ ret a'b' E mbl' 0.

7.12 Theorem. If pEBh TI Clin TI, vEBh 9c Clin 9c, 0 = mspr juj*,
0 = msprb 9Jc9cp»<, 37 = 9JcD9c, then

.1 0(a) =0(a) whenever aGBorel 37,

.2 0GBh 37 Clin 37 Fubini pv.

Proof. Let § = Borel 37, deduce .1 from 6.8.8, and use 6.8.9 and 6.8.12 to

see that

0 G Bh 37 Clin 37.

Now let

g = Borel 37 dmn' 0.

Clearly

0 = mss 0<r37^> = mss 0(r37g = mss 0cr37g.

Consequently

g G bsc 0

and from .1 and 5.11 we see that

.3 0GMspr pvg.

Since  37 C mbl 0 and since any 5 G bscrct pv is clearly a subset of an

5"G(bscrct jw)ng we learn from 7.11 that

5 G mbl' 0.

Consequently

bscrct pv C mbl' 0

and because of .3, 5.3, and 5.0.8 we are sure

0 G Fubini pv.

7.13 Theorem. 7/ pGOh TI Clin 9fl, ?GOh 9c Clin 9c, 0 = mspr py,
0 = mspro TMpv, 37 = 9JcD9c, then

.1 0(a) = 0(a) whenever aEX,

.2 0GOh 37 Clin 37 Fubini pv.

Proof. Let § = 37, deduce .1 from 6.8.8, and use 6.8.9 and 6.8.12 to see

that

0 G Oh 37 Clin 37.

Now let



214 W. W. BLEDSOE AND A. P. MORSE [May

g = X dmn' 0.

Clearly

0 = mss 4>aX!Q = mss 0<r£g = mss 0o-!Eg.

Consequently

g G bsc 0

and from .1 and 5.11 we see that

.3 0GMspr/wg.

Since  ICmbl 0 and since any 5Gbscrct pv is clearly a subset of an

5"G (bscrct p")Pg we learn from 7.11 that

5 G mbl' 0.

Consequently

bscrct pv C mbl' 0

and because of .3, 5.3, and 5.0.8 we are sure

0 G Fubini pv.

7.14 Theorem. 7/pGOh TI Ck TI Clin TI and vEOh 9t Ck 9i Clin 9L
0 = mspro TlVlpv, £ = 2flD9t, then

iPEOhXCkX Clin X Fubini pv.

Proof. Let 0 = mspr pv and take advantage of 5.14 to see that

0 G Oh'SL

Thus because of 7.10

0 G Oh' X Ck X.

Now let & = X and apply 6.8.13 and 7.13 to learn that

0 G Oh X Ck X Clin J Fubini pv.

7.15 Theorem. 7/pGRadonmeasure SJZ.vGRadonmeasure 9t, £ = 9JJD9L
0 = mspro 9JJ9Jpj', then

\p G Radonmeasure !E Fubini pv.

7.16 Remarks. Roughly speaking, the situation seems to be this.

If pGClin TI and vGClin 91, as is the case in 7.7, 7.9, 7.10 and in 7.12-
7.15, it turns out according to 7.7 that mspr pv, which is defined solely in

terms of p and v, nevertheless belongs to Clin (9JJL~]9i). Because of 5.11 we

thus have in 7.7 a powerful tool for inverting the order of integration. For

those to whom this is the only question of real interest the theorems after 7.7
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will be of little concern. When p and v are narrowed slightly in 7.10, our

mspr pv follows suit. In 7.12-7.15 wherein p and v are somewhat differently

narrowed we were forced to tame mspr pv a bit, in terms of the topologies TX

and 9c, in order to make it reflect the new properties of p and v. That this

can be done with fair ease is because of the fact that, even though mspr pv

might be somewhat wild on some sets, it is quite tractable on Borel (9JcQ9c)

or for that matter on the vastly larger class Bore Closed (9JJ|Z]9c).

Theorem 7.15 has been anticipated in the literature by an interesting

theorem(8) proved by R. E. Edwards along lines suggested, in part, by some

unpublished results of J. L. B. Cooper. Theorem 7.15 is, of course, a quite

special case of 7.14. Even 7.14 and 7.13 are inadequate, or at best clumsy

tools for dealing with measures which assign very infinite measure to every

nonvacuous open set. We have in mind here measures similar to Caratheodory

linear measure in the Euclidean plane. For such measures, Theorem 7.12

seems fairly satisfactory, especially if one cares for a product measure similar

to the preassigned measures p and v. If one does not care for this but wishes

to maximize his freedom in interchanging the order of integration, then, as

we have indicated before, we recommend that Theorem 7.7 be employed in

conjunction with 5.11.

Sandia Corporation,

Albuquerque, N. M.
University of California,

Berkeley, Calif.

(*) R. E. Edwards, A theory of Radon measures on locally compact spaces, Acta Math. vol.

89 (1953) p. 151, Theorem 11.


